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Abstract: We study the maximal and fractional maximal functions and Riesz potentials that are
generated by the generalized shift operator associated with the Laplace—Bessel operator. We obtain
some pointwise and integral estimates that give a relation between the B-maximal and B-fractional
maximal functions and B-Riesz potentials and extend the available results to the objects of a more
general nature. Basing on these results, we prove interpolation theorems for the B-fractional maximal
functions and B-Riesz potentials.
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This article addresses some problems of harmonic analysis that are associated with the Laplace—Bessel
operator Ap. Unlike the classical case of the convolution-like operators generated by a usual shift 77,
h € R™ (t"¢(x) = p(z —h)), we consider convolution structures generated by a generalized shift adjusted
to the Laplace—Bessel operator. The study of the Laplace—Bessel operator requires the use of some
classes of special functions and the corresponding Fourier—Bessel integral transformations. The use of
the Fourier—Bessel transformation for Ap makes possible to get a fundamental solution as a B-Riesz
potential (see [1-3]).

Here we deal with B-maximal and B-fractional maximal functions and B-Riesz potentials. We prove
the (Lp,, Lq~)-boundedness of B-fractional maximal functions, obtain some pointwise and integral esti-
mates establishing relations between B-maximal and B-fractional maximal functions and B-Riesz poten-
tials, and prove Sobolev’s theorem in the limit case (p =Q/ a). Basing on these, we prove interpolation
theorems for B-fractional maximal functions and B-Riesz potentials.

1. Definitions and Preliminaries
Let RV be the N-dimensional Euclidean space of points z = (z1,...,2x) ERY, 1<n < N, N > 2;
let @' = (21,...,2,) € R", 2’ = (Tny1,...,2n8) € RV 2 = (¢/,2") e RV; R, = {z = (2/,2") €
RY i 21 > 0,...,2p > 0}; B(z,7) = {y € Rﬁ+ tle—yl<rhvy=(01-0m Wl =71+ +m,
71 >0,...,7 >0;and (/)Y =z]" ... 2"
In the case n = N, we assume that z = 2/ € RY, RY = RﬁJr ={zcRY :2; >0,...,2x5 > 0},

Y= (71a" 'any)'
Given a measurable set E C RY | put |E|, = [,(z/)7dz. Then

[B(0,7)]y = w(N,n,7)r?, Q=N+ ],

where

- n vi+1
w(N7n77) = / (a:/)wd‘r: 7r2n HF( )

B(0,1) i=1
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The generalized shift operator TY is defined as

Tyf C’Y, / /f X1, yl [ IEEREE) (mﬂn yn)anvm,/ - y//) dl/(a)a

where
n

Com =72 [[T((vi +1)/2)0 7 (7:/2),

i=1

($i>yi)ai = \/$12 - 2%% cos o + 3/127 1< < n,

n
dv(a) = l_Isinwr1 a;day . ..day,, 1<n<N.
i=1
Note that T is closely related to the Laplace—Bessel operator A (see [2]). Kipriyanov and Ivanov [2]
showed that the volume potential

u(z) = / 2TV f () ()" dy

N
R”7+

is a solution to the B-elliptic equation
Apu(z) = f(z),

where

AB—ZB+ Z 827 (Blv'-~7Bn)7

i=n-+1
82 Yi 0
922 | z; 02,

As we see, the solution to this problem contains a transformation operator that was introduced by
Levitan [4] in the one-dimensional case and called the generalized shift operator. The extensive use of the
method of transformation operators seems to stem from [4-6] etc. A number of important results in this
direction were established by Kipriyanov and his students for B-elliptic, B-parabolic, and B-hyperbolic
equations (see [3] for details). The fact that a solution to the problem was given as the volume potential
substantiates the necessity of studying various properties of the potentials that are solutions to some
singular differential equations.

Denote by Ly, = Ly 5 (]fo +) the space of measurable functions f(z), = € R,]X 4, with finite norm

B; =

v >0,1=1,...,n

1/p
||f||Lp,7=|erp,7=( / |f<w>|p<w'>w:c) L l<p<oo
RY

Put L W(RN ) Ly (R,]:] +), where Lo (Rév +) is the class of all essentially bounded functions f with
norm || fllz.,, = 1 fllre = esssup,ern | f(z)]-
We now define the space BMO ( ) (see [7,8]). Given f € LloC (RN ), put

f50m) (@) = B0, 7)[71 / TV f () (/)" dy.
B(0,r)
Here B(0,7) = {y e R, : |y| <r}.
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We say that f € LIOC (RN ) belongs to BMO, (Rﬁ%) if

[ fllery = = sup |1B(0,7)|3! / TV (%) = fB0m (@)|(Y)" dy < oco.
B(0,r)
It is natural to define the convolution (B-convolution) generated by the generalized shift operator.
If ¢ and ¢ are integrable functions on RY + then

(woue) = [ o)) )
R+
Considering the properties of generalized shifts, it is easy to show ¢ ® ¥ = ¥ ® ¢ and the Young
inequality for a B-convolution:

1f @ glley < fllpallgllgy: 1 <pigr<oo, 1/p+1/g=1/r+1,
and, for 1 < p < oo, fGLpW(R ) yeRn+,
1T f(Mlpy <

(1)

(for example, see [9]).
Let f: R,]X 4 — R be a measurable function. Then the nondecreasing y-rearrangement of f is defined

as follows:

f3@#) =inf{s > 0: f.,(s) <t} Vte]0,00),

where f,  is the v-distribution of f,

For(t) = {z € R, < [f(2)] > t}], Yt € [0,00).
For the y-rearrangement of f we have (see [10-12] for details):

(1) if 0 < p < oo then
[ 1f@Pr@)yd -
LS

xa!mmwwm:!ﬁ@w;

[ @@l s < [ £0g 0
0

N
Rns+

(f5 ()P dt;

(2) for every t > 0,

The weak L, ,-space WL, (Rg +), 1 < p < 00, is defined as the set of locally summable functions

f(z), € R}, with finite norm

I fllwe,., =suprfen(r)r.
r>0

t
1l
:t/fv(s)ds, £>0,
0

n (0,00). In regard to f3*(t), we have the following inequality (see [13]):
(f +9)5 (&) < f77(1) + 957 (1)-

Below we will need a few lemmas for the proof of Sobolev’s theorem in the limit case p = Q/a.

Define the function
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Lemma 1 [11,14]. Let f and g be positive measurable functions on R7JX+. Then

(f©9)7 (1) < Cry (f;‘*(t) /t 9y (u) du + 7f$(U)gf;*(U) dU) (2)
0 t

for all t > 0.
Lemma 2 [11,14]. Let 0 < o < Q and K (z) = |#|*~%, z € R} ,. Then

w(N,n,7)

K;*(t):(t)QQa and K**(t) @

= “K}(t).

Lemma 3 [13]. Let a(s,t) be a nonnegative measurable function on (—oo,+00) x [0, +00) such that
a(s,t) <1, (3)

0 [e's)

1/p
esssup( / —l—/a(s,t)p/ ds) =b< o0 (4)
>0

t

for all 0 < s < t almost everywhere. Then there is a constant Cy = Cy(p,b) such that, for ¢ > 0 and

/ Pls)P ds < 1, (5)

we have -
0/ e Fge < ¢, (6)
where - ,
Fo) =t ([ ats00)as) )

2. (Lp,~,Lgq,~)-Boundedness of B-Fractional Maximal Functions

In this section, we will address the boundedness of the B-maximal functions M, f(z) and B-fractional
maximal functions MZ f (x) generated by a generalized shift in L, . The B-maximal function is defined
as (see [7]):

M, (@) = sup BO.) [ 15 d
' B(0,r)
Also consider the B-fractional maximal function

«_
My f(z) = sup|B(0,7)]5
r>0

/ TV f(2)|(y/) ' dy, 0<a<Q.

B(0,r)

Note that Mgf = M, f for a = 0.
We have
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Theorem 1. Let 0<a<Q,1<p<Q/a,and 1/p—1/q=0a/Q.
1. Ifp=1and f € Llﬁ(RT]XJr) then

q
[ @ras (2 [ ol o) ©
{x€R£+:M£/"f(x)>T} RfXJr

for all 7 > 0, where C is a constant independent of f.
2. If1<p<%andfe Ly, (RY,) then MO f € Lqy(RY,) and

. 1/q 1/p
( / (M5 f ()" (") dw) < 02< / If(w)lp(ﬂf')“’dw) ; (9)
R+ R+
where Cy is a constant independent of f.
3. Ifp=% and f € Ly, (RY,) then M3 f € Looy(RY ) and
1/p
sup 20250) < ([ @y a) (10)
xR |

R+
Proor. Consider the case when p = % Using Hélder’s inequality and (1) for f € L, (R,]X +), we
see that
BONE [ @l dy
B(0,r)

a_ _1 1/p
< 1B, ( / (Tyf<x>|>p<y'>wy) < ISy < 1 £z,

B(0,r)

The claim 3 of Theorem 1 is thus immediate.

Proceed to the proof of claims 2 and 3 of the theorem. Introduce the fractional maximal function
on a space of homogeneous type. By a space of homogeneous type we mean a topological space X with
some continuous pseudometric p and some positive measure p that satisfies the doubling condition

w(B(z,2r)) < eu(B(z, 1)), (11)

where c¢ is independent of x and r > 0. Here B(z,r) = {y € X : p(z,y) < r}. Let (X, p, u) be a space of
homogeneous type. Put

M (@) =sup (B, ) [ @ldut). 0< 5 <1,
B(z,r)

It is known that the fractional maximal operator M, 5 , 0 < 3 <1, is an operator of weak type (1,q),
1-1/q=0;1ie.,

we e x> 7} < (S [@law) s 1-1-p 12)
X
and of strong type (p,q) for 1 <p < 1/8,1/p—1/q = 3 (see [15,16]); i.e.,
1/q 1/p
([1rra) <o [if@praw) " -2 = (13)

X X
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To prove Theorem 1, we will use these statements. In our case X = ]szvﬂL, plx,y) =z —y|, 8= o
0 <a<@Q,and du(z) = (2')? dz. It is clear that this measure satisfies the doubling condition (11).
Let us show that
M3 f(z) < et M f(2),

where ¢; = w(N,n,7)*9129=%(1 4 ¢y), ¢ = C;’l 23-D++1 g, = max{a,0}.
Put -
M3, 1) = 1BONE [ s
B(0,r)
We have
a_q
M3, 1(@) = 1BONE [ V@0 )0 dy
Ry,
a_q
= 1BO.NE [ @00 @) @)
RN
where i i
TyXB(O,r) ($) = Cy / ’ '/XB(O,T)((xlv y1)a1, ERRR ($nv yn)an7m” - y”) dl/(Oé),
0 0

X4 is the characteristic function of A C R,JX Iy

Note that T¥xp (o, (x) = 0 for every y € R,]X+ \ B(x,r), i.e., the support of T¥xp () lies in the
ball B(z,r).

Considering the properties of B-convolutions and the fact that the support of TYxpg( () lies in
B(x,r), we have

M3, 1) = [BONE [ 10T Xp00 @) d
B(z,r)
In what follows, we will assume for simplicity that n = 1. In this case RnN’ L= Rf . Show that [8] for
all x € Rf, r > 0 and for all y € B(z,r),

0 < T¥xp(o) () < min{1, cor”/z] }. (14)
Note the obvious inequality
0 < TyXB(O,r) (.72) < 1 (15)
for z € RY, and y € B(z,r).
We have
TYxBos) () < Cy1 sin” ! ado
{a€(0,m):(z1y1)3+|2" —y"[2<r?}
<Oy sin? ' ada = Cy 4 / sin? ! a da
{ae(ovﬂ-):(wlvyl)a<T} {OLE(OJT)I x%;zyl%y;"g <COS&}
1 1
= Oy, / (11—t tdt < C, 267D+ / (1—t)3 1dt
a2 +y2—r? 22 4y2—r2
221y 2x1y1
X 2 X
< Grly-nin (1 i +yi 7“2> ? < Crlo@-1)t1 (7”) : (7” — |21 — y1\> .
-y 22111 Ty Z1 Y1
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Since L;yl‘ < ;—1 for y1 > z1 and y1 < 71, the inequality % < ;—1 is equivalent to r < 1.
Hence,
C r\”
TYX B0y () < Vlo(3-1)++1 () ) (16)
Y T

Therefore, (14) follows from (15) and (16).
We now estimate the measure of the ball B(z,r). Start with the case 1 < r. We have

N
uB(z,r) = / yl dy < / dy; / Yl dyy
B(z,r) I=2yl<r  {pn>05]z1—y1|<r}
T14r
< /+ iy — (N1 E e
J v+1 v+1
Suppose now that x1 > r. Then
T147 ,
pBle,r) < (2% [ yldyn < (20 + )7 = (2r)2L,
T1—r "
Combining the last two estimates, we get
uB(z,r) < (2r)9 max{1,z] /r7}. (17)

Estimate M f(x) as follows:

M3 f(x) < Mg, f(z) + M, f(z),
where

Mg f(z) = sup |B(0,r)|/91 / FO)IT x50 @) (&) dy,

r<zi
B(z,r)
Mi, f(z) = sup |B(0, )|/ / [ FWIT X B0y (2)(y') dy.
r>x]
B(z,r)

In the case 21 < r, considering uB(z,r) < (2r)9, TYx (o, (r) < 1, and [B(0,7)|, = w(N,1,7)r?,
we obtain
M f(e) = sup [BODO [ @I ()W) dy
r>x
B(z,r)
< (N, 1,9) 122 sup(uB(a ) [ 1) du(y
B(z,r)
< w(N,1,9) 297 M f(2).
In the case z1 > r, since pB(z,r) < (QT)Q%, TYX B () < cor?/z], and |B(0,7)|, = w(N, 1,7)r?,
we have
Mo f(z) < sup |1B(0,7)|5/97 / [FWIT X B0, () ()" dy
rsST
B(z,r)
< (N, 1,2)9 712 sup(uB(e, ) [ 17wl dutw)
T
B(z,r)
= cow(N,1,7)*/ @ 129 NP f(x).
Therefore, MY f(z) < Mg, f(x) + M{, f(x) < clMﬁf(m)
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Since X = foJr, B=a/Q,1<p<1/B,and 1/p—1/q = (B in (12) and (13) and du(z) = (z')? dx
satisfies the doubling condition, we find that

1M fllgqy < ealME fllaqy < Collfllp
where Cy = ¢;C), and, forp=1and 1 —1/q = 3,

o e BY. M3 50) > 7}, < fe € R, M@ > e} < (S [ lr@lauta) |
RN

n,+
where C; = ¢, (1.
Theorem 1 is proved.
Corollary 1. 1. Let f € Llﬁ(RﬁJr). Then
Cs
{z eRY, : M,f(z) > r}{7 <= / |F()|(2") da (18)
R+
for all 7 > 0, where the constant Cs is independent of f.
2. Let f € Lpy(RY,) and 1 < p < oo. Then M, f(z) € L,~(RY,) and
My fllpy < Call fllps (19)

where Cy is a constant independent of f.

Corollary 2. If f€ L, (]RfXJr) and 1 < p < oo then

i [BONL [ @) ) dy = ()
B(0,r)
for almost all z € Rﬁ{ Iy
REMARK 1. Note that for 0 < v < @ Theorem 1 is new even in the one-dimensional case. Corollary 1
is proved in [17] for the one-dimensional case, i.e., for N = n = 1, and in [7] for the multidimensional
case for n = N > 2 (see [8] for details).

3. Pointwise and Integral Estimates for the B-Riesz Potential

Consider the B-Riesz potential

_ -Q /
125w = [ Tl ) A 0<a<a.
R+
It is easy to show that if p > % then I7 f is not defined for all functions f € L, (Rﬁf +).

Let us prove the following theorem which yields a pointwise estimate for the B-Riesz potential I7 f ().
For a Riesz potential some estimates of this kind were obtained in [13].

Theorem 2. Let 0 < a < @ and let f € Ly 4 (]R,JXJF) be a locally summable function. Then for r > 0
and x € Rﬁ{ . there are constants C5—Cy depending only on a,p,n, N, and v such that

I21fI(2) < C5(r*M, f(x) + r° 2 M f(x)), 1<p< o (20)
191£1(2) < Coll Fl 2 (M, f2)) =%, 1<p< Qo (21)
1% f(x) < C7 (12 £(2))"(My f(2))10, 0<0<1; (22)
1% f(x) < Cs(MS ()" (M, £(2))'0, 0<0<1. (23)



PROOF. Let r > 0 be an arbitrary number. Using the properties of convolution, present I$|f|(z) as
I2151(a) = / BI™ T (@) )" dy

(/ / )Tyf ) y°=Cy)" dy = Ji(2,7) + Ja(w,7).

B(0,r) RN+\B 0,r)

To prove (20), we first estimate Ji(x, 7). Summing over all j > 0, we get

(1) < / TV f(2)] |yl 9 ) dy

B(0,r)

=Y [ U@ dr £ e )

7=1p(0,2-3+11)\ B(0,2-77)

Therefore,

Ji(z,t) < ct* M, f(x). (24)

Similarly, estimate Ja(x,r):

Ran = [ T @) dy

Ry \B(O,r)

Z / [y|°TY| f(2)| (') dy < er® 7 MY f(x),

k=0p(0,25+17)\ B(0,27)

since a — % < 0 by assumption.

Thus, (20) is proved. We turn to the proof of (21). Using (1) and the estimate for Jy(z,t) given
below, we obtain (21).

Applying Hoélder’s inequality and (1), we infer

R \B(0,t) RN \B(0,t)

. 1/p
< HTnym< [ weoryy dy)

Ry \B(0,)

// 1/p/
SHme( / \y|<a—Q>p<y>wy) .

R \B(0,t)
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Pass to the spherical coordinates:

/ p )de)l/p - (/ / e 1(9')7drd9>1/p/

RY \B(0.1) s

1/p
— < / 9/ / p+Q 1dT)
N* t
+

1
1p % 1/p'
(@) d9> (/ pla=Q)p +N+y-1 dr) = cta_QJr% = ct*”
t

St

Therefore,
)
Jo(z,t) < cf[fllpat™ 7. (25)

Hence, from (24) and (25)
_Q
I fl(z) < c(t* My f(z) + || £llpat™>).-

Minimizing by ¢, for t = [(M, f(2)) ™| f|lp~]?/(?) we obtain
ap
31 f1(2) < Collf Il (M ()"~
We now prove (22). Consider
55w = [ 1@l 0 dy
R+

:( o )Tyf<sc>|ya9Q(:u’)wy:h(w,t)+Iz<w,t>-

B(O) RN \B(0t)

Estimate I5(z,t). Note that since, by the hypotheses of the theorem, 0 < 6 < 1, we have o — a < 0 and
|y|o0— < 29— for all y € RA Y \B(0,t). Therefore,

I(z,t) = / T f(2)]y|**~?(y')" dy
RN \B(0,t)
<t [ Ty O dy < 01 ) 26)

RN \B(0,t)

Using (24) and (26), we get
Li(z,t) < ct® M, f(2), (27)

I(z,1) < %21 (z). (28)
Hence, it follows from (27) and (28) that
I99f(z) < ct® M, f(z) + t*0 I f (). (29)
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Minimizing by ¢, for t = [(M, f(z)) IS f(z)] 1/ e find that

(6% 167 9 —
1% f () < Cr(I5 f (=) (M f ()7
Turn to the proof of (23). Consider Is(x,t). Summing over all j > 0, we obtain

Lw,t) <> / TV f(2)]y|*"~y')" dy < Z 27¢)0=N =D / TV f(2)(y)" dy

7=0p(0,25+14)\ B(0,29¢) B(0,2i+1t)

)
<2Q ata() aMaf Z 2049 a] <C7fa9 aMaf( )
7=0

Therefore,
Iy(z,t) < "M f(z). (30)

Using (27) and (30), we deduce
I;"ef(:p) <M, f(x) + ct"‘e_aMs‘f@).
Minimizing by ¢, for t = [(M f(x)) ™' M f(z)] Y9 e obtain

0 _
I3 f(w) < Cs (M5 f(2))" (M, f(x))"
Theorem 2 is proved.
Theorem 3. Let 0 < a < Q and f € Ly, (RY,).
(E:L)Ifl<p<§,1§7“§oo,amdé:;17 § + 52 then

A
1751l < Col|227 1

(31)

for all f € Ly, (]R,]XJF) and all Mi‘/pf € Ly (]R,]XJF) , where Cy is a constant independent of f.
(b)) Ifl<p< % then there are constants Cy¢ and C11 depending only on o, p,n, N, and -y such that

1252 £1],.., < Croll 221 A5 A1 (32)
12527, < Cullme | ALY, (33)
where 0 <0 <1,0<¢q< o0, L = §+1p%0.

PRrOOF. Inserting

B B Mfi\/pf(a:) p/A
== (o)

n (20), we have
12 f ()] < C5 (M2 £(2)) > (M, f(z))'~% (34)

for all x € RnN’ . Taking the gth power of the two sides of the inequality, integrating over z, and applying
Holder’s inequality to the right-hand side of (34), we obtain

/ i@ e <0l [ (7 5@) T 0 ) ) o
R},

apq

<2l ), L F s,
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_ ap
T + X+ Therefore,

17571, < Cslla 711,

CgHM"fH x an;, OgHMpf!

We now prove (32); (33) can be checked analogously.
Consider HI:;‘O f Hm' From (22) and Hoélder’s inequality we obtain

1257 1|, < Call (22171 (M, )0, < G (117D, W||<M7f>1—9um.
Put p = (1 —0)rr, ¢ = 0r7’, where 7/ = —Z;. Then, obviously, L = 1p9 and — g. From the above we
have
1222 Fl,.. < CollT2I 111G, 1M

The last inequality, (19), and Corollary 1 yield

HlaefH IOHI'(;‘f‘ H Hpr,'y

Y —
Theorem 3 is proved.

We now consider the modified B-Riesz potential

o (x) = / (T%12°9 — 141X a0y ) F ) ) d,

N
Rn,-‘r

where B*(0,1) = R, \B(0,1).

Using Theorems 1 and 2, we can obtain Sobolev’s theorem that was proved in [18] for a B-Riesz
potential; namely, we can show that I is an operator of strong type (p,q)y, 1 <p < Q/a,1/p—1/q = a/Q
and of weak type (1,9), 1/¢ = 1 — a/Q (see the case N = n = 1 in [19]; the case N > 2 and n =1
in [20]; and the case N =n > 2 in [7,21]).

Theorem 4. Let 0 < a < Q, 1<p< Q.
(a) If p = 1 then the condition 1 — =
Liy(RY ) to WLey(Ry,).
(b)Ifl1<p< Q then the condition % -
(

IIQ

is necessary and sufficient for I} to be bounded from

Qe

= % is necessary and sufficient for I} to be bounded from

Q=

Lypy(RY) to LQ’Y(Rn+)

)

c) pr == f € Ly~ (RY "), Ifllz,. =1, and the support of f belongs to B(0,r) then
[ exp(@l3 @) ) @) do < Coul.n ),
B(0,r)

where [y = w(N,n, 'y)_l(pC%n)_p/, and C’O = Cy(N, a,7) is a constant depending only on N, «, and 7.
(d) Ifp=% and f € Ly, (RY,) then Iof € BMO,(RY,) and

17541l 5as0, <

where C15 > 0 is a constant independent of f.
If the integral IT f exists almost everywhere then I f € BM Ov(RnA{ 4) and

12571l srro, <

where C13 > 0 is a constant independent of f.
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REMARK 2. The parts (a) and (b) of Theorem 4 were proved in [11, 14,21, 22| by different methods
(also see [18]). In the case n = 1 the parts (a) and (b) of Theorem 4 were proved in [20], and in the case
n = N, they were proved in [7] (also see [8]).

ProOF. First of all, we prove (c). Put A =|B(0,7)|,. Applying Lemma 1, an analog of the O’Neil
inequality for generalized convolutions in [11, 14|, and Lemma 2, we have

(1595 < (15)] @)

t
— kok v * v d
Cn( s [ 22 as+ [ 9@ (4 . (35)
0
Since p = % p’:ﬁ: %, and [% = QT we find that
t A
(I2£)° (4) < Copal(N,,7)7 (pt Y[ Bt [ s ds) (36)
0 t
Put
1, O<s<t
a(s,t) = { pel=/F t<s<oo,  @(s) = AVPfI(Ae)e P
0, —00 < S S 05
Then
0% , 1/p' n L 1/p'
sup(/ +/a(s,t)p ds) = sup (/(pe(ts)/p )P ds) =p < o0,
>0 >0
—00 t t
/¢ pds—/Af7 e e *ds = / t)P dt
0

- / ferd= [ If@p@)de=1
0

B(0,r)

Since a(s,t) and ¢(s) satisfy (3)—(5), by Lemma 3, there is a constant Cy, independent of p such that

o0

/eF(t) dt < Cy,
0

where F(t) =t — ( [%_a(s,t)¢(s) ds)p/. Inserting the values of a(s,t) and ¢(s), we get

o

/ t
F(t):t_(/ 8*/1’6”/”’ >=t—</A1/Pf;<Ae—s)e—;ds
0

t

S pl

—i—(/pe(t_s)/p Al/pfy (Ae %)e » ds) .
t
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Changing variables, we obtain

log %

F(logf) = logé - ( / Al/pf;‘(Ae_s)e_i ds
0

/

/ s \P A /
+ pe(logéfs)/p Al/pff;(Ae*s)e P ds) = log T (I + L)

\8

log
Estimate I; and Io:

IS

log% A
I / AVP £ (Ae)e S ds = / fi(r)r ¥ dr,
0
o A , s 7 10%% _ s s
I, = / pellos £ —9)/p Al/pf;(Ae*S)e*; ds = / e e ?e’EAl/pf;“(Ae*S)ds
log% log%

»

00 t
_1 _a

= /pAt Ve fi(Ae?) ds = pt P//

log% 0

Inserting estimates for I; and Is, we have

t
F(log ?) = logé — (pt_pl’/
0

Combining (35)—(37), we obtain

o0 A
Co > /eF(t) dt = /tlep(log)dt

0 0

A " A /
_1 B p A
- frreaf (v [t o) s
0 0 /
4 A

Therefore,

1 /
1 / exp(ﬂo|I$f(x)|p )(z) dz < Co.
B(0,r)

The part (c) of Theorem 4 is proved.

Note that the proof of the part (d) of Theorem 4 is analogous to that of Theorem 4 in [8].

The proof of Theorem 4 is complete.

The authors sincerely thank the referees for the remarks that improved the article.
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