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POINTWISE AND INTEGRAL ESTIMATES FOR THE
B-RIESZ POTENTIAL IN TERMS OF B-MAXIMAL
AND B-FRACTIONAL MAXIMAL FUNCTIONS

V. S. Guliev, N. N. Garakhanova, and Yu. Zeren UDC 517.51

Abstract: We study the maximal and fractional maximal functions and Riesz potentials that are
generated by the generalized shift operator associated with the Laplace–Bessel operator. We obtain
some pointwise and integral estimates that give a relation between the B-maximal and B-fractional
maximal functions and B-Riesz potentials and extend the available results to the objects of a more
general nature. Basing on these results, we prove interpolation theorems for the B-fractional maximal
functions and B-Riesz potentials.
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This article addresses some problems of harmonic analysis that are associated with the Laplace–Bessel
operator ΔB. Unlike the classical case of the convolution-like operators generated by a usual shift τ

h,
h ∈ Rn (τhϕ(x) = ϕ(x−h)), we consider convolution structures generated by a generalized shift adjusted
to the Laplace–Bessel operator. The study of the Laplace–Bessel operator requires the use of some
classes of special functions and the corresponding Fourier–Bessel integral transformations. The use of
the Fourier–Bessel transformation for ΔB makes possible to get a fundamental solution as a B-Riesz
potential (see [1–3]).
Here we deal with B-maximal and B-fractional maximal functions and B-Riesz potentials. We prove

the (Lp,γ , Lq,γ)-boundedness of B-fractional maximal functions, obtain some pointwise and integral esti-
mates establishing relations between B-maximal and B-fractional maximal functions and B-Riesz poten-
tials, and prove Sobolev’s theorem in the limit case

(
p = Q/α

)
. Basing on these, we prove interpolation

theorems for B-fractional maximal functions and B-Riesz potentials.

1. Definitions and Preliminaries

Let RN be the N -dimensional Euclidean space of points x = (x1, . . . , xN ) ∈ RN , 1 ≤ n ≤ N , N ≥ 2;
let x′ = (x1, . . . , xn) ∈ Rn, x′′ = (xn+1, . . . , xN ) ∈ RN−n, x = (x′, x′′) ∈ RN ; RNn,+ = {x = (x′, x′′) ∈
R
N : x1 > 0, . . . , xn > 0}; B(x, r) =

{
y ∈ RNn,+ : |x − y| < r

}
; γ = (γ1, . . . , γn), |γ| = γ1 + · · · + γn,

γ1 > 0, . . . , γn > 0; and (x
′)γ = xγ11 · . . . · xγnn .

In the case n = N , we assume that x = x′′ ∈ RN+ , RN+ ≡ RNn,+ = {x ∈ RN : x1 > 0, . . . , xN > 0},
γ = (γ1, . . . , γN ).
Given a measurable set E ⊂ RNn,+, put |E|γ =

∫
E(x

′)γdx. Then

|B(0, r)|γ = ω(N,n, γ)rQ, Q = N + |γ|,
where

ω(N,n, γ) =

∫

B(0,1)

(x′)γdx =
π
N−n
2

2n

n∏

i=1

Γ
(
γi+1
2

)

Γ
(
γi
2

) .
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Baku; Urfa. Translated from Sibirskĭı Matematicheskĭı Zhurnal, Vol. 49, No. 6, pp. 1263–1279, November–December,

2008. Original article submitted October 27, 2005. Revision submitted April 22, 2008.

1008 0037-4466/08/4906–1008 c© 2008 Springer Science+Business Media, Inc.



The generalized shift operator T y is defined as

T yf(x) = Cγ,n

π∫

0

· · ·
π∫

0

f((x1, y1)α1 , . . . , (xn, yn)αn , x
′′ − y′′) dν(α),

where

Cγ,n = π
−n
2

n∏

i=1

Γ((γi + 1)/2)Γ
−1(γi/2),

(xi, yi)αi =
√
x2i − 2xiyi cosαi + y2i , 1 ≤ i ≤ n,

dν(α) =

n∏

i=1

sinγi−1 αi dα1 . . . dαn, 1 ≤ n ≤ N.

Note that T y is closely related to the Laplace–Bessel operator ΔB (see [2]). Kipriyanov and Ivanov [2]
showed that the volume potential

u(x) =

∫

RNn,+

|y|2−QT yf(x)(y′)γ dy

is a solution to the B-elliptic equation
ΔBu(x) = f(x),

where

ΔB =

n∑

i=1

Bi +

N∑

i=n+1

∂2

∂x2i
, B = (B1, . . . , Bn),

Bi =
∂2

∂x2i
+
γi

xi

∂

∂xi
, γi > 0, i = 1, . . . , n.

As we see, the solution to this problem contains a transformation operator that was introduced by
Levitan [4] in the one-dimensional case and called the generalized shift operator. The extensive use of the
method of transformation operators seems to stem from [4–6] etc. A number of important results in this
direction were established by Kipriyanov and his students for B-elliptic, B-parabolic, and B-hyperbolic
equations (see [3] for details). The fact that a solution to the problem was given as the volume potential
substantiates the necessity of studying various properties of the potentials that are solutions to some
singular differential equations.
Denote by Lp,γ = Lp,γ

(
R
N
n,+

)
the space of measurable functions f(x), x ∈ RNn,+, with finite norm

‖f‖Lp,γ = ‖f‖p,γ =
( ∫

R
N
n,+

|f(x)|p(x′)γ dx
)1/p

, 1 ≤ p <∞.

Put L∞,γ
(
R
N
n,+

)
= L∞

(
R
N
n,+

)
, where L∞

(
R
N
n,+

)
is the class of all essentially bounded functions f with

norm ‖f‖L∞,γ = ‖f‖L∞ = ess supx∈RNn,+ |f(x)|.
We now define the space BMOγ

(
R
N
n,+

)
(see [7, 8]). Given f ∈ Lloc1,γ

(
R
N
n,+

)
, put

fB(0,r)(x) = |B(0, r)|−1γ
∫

B(0,r)

T yf(x)(y′)γ dy.

Here B(0, r) =
{
y ∈ RNn,+ : |y| < r

}
.
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We say that f ∈ Lloc1,γ
(
R
N
n,+

)
belongs to BMOγ

(
R
N
n,+

)
if

‖f‖∗,γ = sup
x,r
|B(0, r)|−1γ

∫

B(0,r)

|T yf(x)− fB(0,r)(x)|(y′)γ dy <∞.

It is natural to define the convolution (B-convolution) generated by the generalized shift operator.
If ϕ and ψ are integrable functions on RNn,+ then

(ϕ⊗ ψ)(x) =
∫

R
N
n,+

ϕ(y)T yψ(x)(y′)γ dy.

Considering the properties of generalized shifts, it is easy to show ϕ ⊗ ψ = ψ ⊗ ϕ and the Young
inequality for a B-convolution:

‖f ⊗ g‖r,γ ≤ ‖f‖p,γ‖g‖q,γ , 1 ≤ p, q, r ≤ ∞, 1/p+ 1/q = 1/r + 1,

and, for 1 ≤ p ≤ ∞, f ∈ Lp,γ
(
R
N
n,+

)
, y ∈ RNn,+,

‖T yf(·)‖p,γ ≤ ‖f‖p,γ (1)

(for example, see [9]).
Let f : RNn,+ → R be a measurable function. Then the nondecreasing γ-rearrangement of f is defined

as follows:
f∗γ (t) = inf{s > 0 : f∗,γ(s) ≤ t} ∀t ∈ [0,∞),

where f∗,γ is the γ-distribution of f ,

f∗,γ(t) = |{x ∈ RNn,+ : |f(x)| > t}|γ ∀t ∈ [0,∞).
For the γ-rearrangement of f we have (see [10–12] for details):
(1) if 0 < p <∞ then

∫

R
N
n,+

|f(x)|p(x′)γ dx =
∞∫

0

(f∗γ (t))
p dt;

(2) for every t > 0,

sup
|E|γ=t

∫

E

|f(x)|(x′)γ dx =
t∫

0

f∗γ (s) ds;

(3)
∫

R
N
n,+

|f(x)g(x)|(x′)γ dx ≤
∞∫

0

f∗γ (t)g
∗
γ(t) dt.

The weak Lp,γ-space WLp,γ
(
R
N
n,+

)
, 1 ≤ p < ∞, is defined as the set of locally summable functions

f(x), x ∈ RNn,+, with finite norm
‖f‖WLp,γ = sup

r>0
rf∗,γ(r)1/p.

Define the function

f∗∗γ (t) =
1

t

t∫

0

f∗γ (s) ds, t > 0,

on (0,∞). In regard to f∗∗γ (t), we have the following inequality (see [13]):
(f + g)∗∗γ (t) ≤ f∗∗γ (t) + g∗∗γ (t).

Below we will need a few lemmas for the proof of Sobolev’s theorem in the limit case p = Q/α.
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Lemma 1 [11, 14]. Let f and g be positive measurable functions on RNn,+. Then

(f ⊗ g)∗∗γ (t) ≤ Ck,γ
(
f∗∗γ (t)

t∫

0

g∗∗γ (u) du+
∞∫

t

f∗γ (u)g
∗∗
γ (u) du

)
(2)

for all t > 0.

Lemma 2 [11, 14]. Let 0 < α < Q and K(x) = |x|α−Q, x ∈ RNn,+. Then

K∗γ(t) =
(
ω(N,n, γ)

t

)Q−α
Q

and K∗∗γ (t) =
Q

α
K∗γ(t).

Lemma 3 [13]. Let a(s, t) be a nonnegative measurable function on (−∞,+∞)× [0,+∞) such that
a(s, t) ≤ 1, (3)

ess sup
t>0

( 0∫

−∞
+

∞∫

t

a(s, t)p
′
ds

)1/p′
= b <∞ (4)

for all 0 < s < t almost everywhere. Then there is a constant C0 = C0(p, b) such that, for φ ≥ 0 and
∞∫

−∞
φ(s)p ds ≤ 1, (5)

we have ∞∫

0

e−F (t)dt ≤ C0, (6)

where

F (t) = t−
( ∞∫

−∞
a(s, t)φ(s) ds

)p′
. (7)

2. (Lp,γ , Lq,γ)-Boundedness of B-Fractional Maximal Functions

In this section, we will address the boundedness of the B-maximal functionsMγf(x) and B-fractional
maximal functions Mα

γ f(x) generated by a generalized shift in Lp,γ . The B-maximal function is defined
as (see [7]):

Mγf(x) = sup
r>0
|B(0, r)|−1γ

∫

B(0,r)

T y|f(x)|(y′)γ dy.

Also consider the B-fractional maximal function

Mα
γ f(x) = sup

r>0
|B(0, r)|

α
Q
−1

γ

∫

B(0,r)

T y|f(x)|(y′)γ dy, 0 ≤ α < Q.

Note that M0
γf =Mγf for α = 0.

We have
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Theorem 1. Let 0 ≤ α < Q, 1 ≤ p ≤ Q/α, and 1/p− 1/q = α/Q.
1. If p = 1 and f ∈ L1,γ

(
R
N
n,+

)
then

∫

{x∈RNn,+:Mαγ f(x)>τ}

(x′)γ dx ≤
(
C1

τ

∫

RNn,+

|f(x)|(x′)γ dx
)q

(8)

for all τ > 0, where C1 is a constant independent of f .
2. If 1 < p < Q

α and f ∈ Lp,γ
(
R
N
n,+

)
then Mα

γ f ∈ Lq,γ
(
R
N
n,+

)
and

( ∫

R
N
n,+

(
Mα
γ f(x)

)q
(x′)γ dx

)1/q
≤ C2

( ∫

R
N
n,+

|f(x)|p(x′)γdx
)1/p

, (9)

where C2 is a constant independent of f .
3. If p = Q

α and f ∈ Lp,γ
(
R
N
n,+

)
then Mα

γ f ∈ L∞,γ
(
R
N
n,+

)
and

sup
x∈RNn,+

Mα
γ f(x) ≤

( ∫

R
N
n,+

|f(x)|p(x′)γ dx
)1/p

. (10)

Proof. Consider the case when p = Q
α . Using Hölder’s inequality and (1) for f ∈ Lp,γ

(
R
N
n,+

)
, we

see that

|B(0, r)|α/Q−1γ

∫

B(0,r)

T y|f(x)|(y′)γ dy

≤ |B(0, r)|
α
Q
−1+1− 1

p
γ

( ∫

B(0,r)

(T y|f(x)|)p(y′)γ dy
)1/p

≤ ‖T yf‖Lp,γ ≤ ‖f‖Lp,γ .

The claim 3 of Theorem 1 is thus immediate.
Proceed to the proof of claims 2 and 3 of the theorem. Introduce the fractional maximal function

on a space of homogeneous type. By a space of homogeneous type we mean a topological space X with
some continuous pseudometric ρ and some positive measure μ that satisfies the doubling condition

μ(B(x, 2r)) ≤ cμ(B(x, r)), (11)

where c is independent of x and r > 0. Here B(x, r) = {y ∈ X : ρ(x, y) < r}. Let (X, ρ, μ) be a space of
homogeneous type. Put

Mβ
μ f(x) = sup

r>0
μ(B(x, r))β−1

∫

B(x,r)

|f(y)|dμ(y), 0 ≤ β < 1.

It is known that the fractional maximal operator Mβ
μ , 0 ≤ β < 1, is an operator of weak type (1, q),

1− 1/q = β; i.e.,

μ
{
x ∈ X :Mβ

μ f(x) > τ
} ≤
(
C ′1
τ

∫

X

|f(x)| dμ(x)
)q
, 1− 1

q
= β; (12)

and of strong type (p, q) for 1 < p < 1/β, 1/p− 1/q = β (see [15, 16]); i.e.,
(∫

X

|Mβ
μ f(x)|q dμ(x)

)1/q
≤ C ′2

(∫

X

|f(x)|p dμ(x)
)1/p

,
1

p
− 1
q
= β. (13)
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To prove Theorem 1, we will use these statements. In our case X = RNn,+, ρ(x, y) = |x− y|, β = α
Q ,

0 ≤ α < Q, and dμ(x) = (x′)γ dx. It is clear that this measure satisfies the doubling condition (11).
Let us show that

Mα
γ f(x) ≤ c1Mβ

μ f(x),

where c1 = ω(N,n, γ)
α/Q−12Q−α(1 + c2), c2 =

Cγ,1
γ 2

( γ
2
−1)++1, a+ = max{a, 0}.

Put

Mα
γ,rf(x) = |B(0, r)|

α
Q
−1

γ

∫

B(0,r)

T y|f(x)|(y′)γ dy.

We have

Mα
γ,rf(x) = |B(0, r)|

α
Q
−1

γ

∫

R
N
n,+

T y|f(x)|χB(0,r)(y)(y′)γ dy

= |B(0, r)|
α
Q
−1

γ

∫

R
N
n,+

|f(y)|T yχB(0,r)(x)(y′)γ dy,

where

T yχB(0,r)(x) = cγ

π∫

0

· · ·
π∫

0

χB(0,r)((x1, y1)α1 , . . . , (xn, yn)αn , x
′′ − y′′) dν(α),

χA is the characteristic function of A ⊂ RNn,+.
Note that T yχB(0,r)(x) = 0 for every y ∈ RNn,+ \ B(x, r), i.e., the support of T yχB(0,r)(x) lies in the

ball B(x, r).
Considering the properties of B-convolutions and the fact that the support of T yχB(0,r)(x) lies in

B(x, r), we have

Mα
γ,rf(x) = |B(0, r)|

α
Q
−1

γ

∫

B(x,r)

|f(y)|T yχB(0,r)(x)(y′)γ dy.

In what follows, we will assume for simplicity that n = 1. In this case RNn,+ = R
N
+ . Show that [8] for

all x ∈ RN+ , r > 0 and for all y ∈ B(x, r),
0 ≤ T yχB(0,r)(x) ≤ min

{
1, c2r

γ/x
γ
1

}
. (14)

Note the obvious inequality
0 ≤ T yχB(0,r)(x) ≤ 1 (15)

for x ∈ RNn,+ and y ∈ B(x, r).
We have

T yχB(0,r)(x) ≤ Cγ,1
∫

{α∈(0,π):(x1,y1)2α+|x′′−y′′|2<r2}
sinγ−1 αdα

≤ Cγ,1
∫

{α∈(0,π):(x1,y1)α<r}
sinγ−1 αdα = Cγ,1

∫

{
α∈(0,π):x

2
1
+y2
1
−r2

2x1y1
<cosα

}
sinγ−1 αdα

= Cγ,1

1∫

x2
1
+y2
1
−r2

2x1y1

(1− t2) γ2−1 dt ≤ Cγ,12(
γ
2
−1)+

1∫

x2
1
+y2
1
−r2

2x1y1

(1− t) γ2−1 dt

≤ Cγ,1

γ
2(
γ
2
−1)++1

(
1− x21 + y

2
1 − r2

2x1y1

) γ
2

≤ Cγ,1

γ
2(
γ
2
−1)++1

(
r

x1

) γ
2
(
r − |x1 − y1|

y1

) γ
2

.
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Since r−|x1−y1|y1
≤ r
x1
for y1 ≥ x1 and y1 < x1, the inequality

r−|x1−y1|
y1

< r
x1
is equivalent to r < x1.

Hence,

T yχB(0,r)(x) ≤ Cγ,1

γ
2(
γ
2
−1)++1

(
r

x1

)γ
. (16)

Therefore, (14) follows from (15) and (16).
We now estimate the measure of the ball B(x, r). Start with the case x1 ≤ r. We have

μB(x, r) =

∫

B(x,r)

y
γ
1 dy ≤

N∏

j=2

∫

|yj |<r
dyj

∫

{y1>0;|x1−y1|<r}
y
γ
1 dy1

≤ (2r)N−1
x1+r∫

0

y
γ
1 dy1 = (2r)

N−1 (x+ r)γ+1

γ + 1
≤ (2r)

Q

γ + 1
.

Suppose now that x1 > r. Then

μB(x, r) ≤ (2r)N−1
x1+r∫

x1−r
y
γ
1 dy1 ≤ (2r)N (x1 + r)γ = (2r)Q

x
γ
1

rγ
.

Combining the last two estimates, we get

μB(x, r) ≤ (2r)Qmax{1, xγ1/rγ}. (17)

Estimate Mα
γ f(x) as follows:

Mα
γ f(x) ≤Mα

0,γf(x) +M
α
1,γf(x),

where

Mα
0,γf(x) = sup

r≤x1
|B(0, r)|α/Q−1γ

∫

B(x,r)

|f(y)|T yχB(0,r)(x)(y′)γ dy,

Mα
1,γf(x) = sup

r>x1

|B(0, r)|α/Q−1γ

∫

B(x,r)

|f(y)|T yχB(0,r)(x)(y′)γ dy.

In the case x1 < r, considering μB(x, r) ≤ (2r)Q, T yχB(0,r)(x) ≤ 1, and |B(0, r)|γ = ω(N, 1, γ)rQ,
we obtain

Mα
1,γf(x) = sup

r>x1

|B(0, r)|α/Q−1γ

∫

B(x,r)

|f(y)|T yχB(0,r)(x)(y′)γ dy

≤ ω(N, 1, γ)α/Q−12Q−α sup
r>0
(μB(x, r))β−1

∫

B(x,r)

|f(y)| dμ(y)

≤ ω(N, 1, γ)α/Q−12Q−αMβ
μ f(x).

In the case x1 ≥ r, since μB(x, r) ≤ (2r)Qx
γ
1
rγ , T

yχB(0,r)(x) ≤ c2rγ/xγ1 , and |B(0, r)|γ = ω(N, 1, γ)rQ,
we have

Mα
0,γf(x) ≤ sup

r≤x1
|B(0, r)|α/Q−1γ

∫

B(x,r)

|f(y)|T yχB(0,r)(x)(y′)γ dy

≤ c2ω(N, 1, γ)α/Q−12Q−α sup
r>0
(μB(x, r))β−1

∫

B(x,r)

|f(y)| dμ(y)

= c2ω(N, 1, γ)
α/Q−12Q−αMβ

μ f(x).

Therefore, Mα
γ f(x) ≤Mα

0,γf(x) +M
α
1,γf(x) ≤ c1Mβ

μ f(x).
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Since X = RNn,+, β = α/Q, 1 < p < 1/β, and 1/p − 1/q = β in (12) and (13) and dμ(x) = (x′)γ dx
satisfies the doubling condition, we find that

‖Mα
γ f‖q,γ ≤ c1‖Mβ

μ f‖q,γ ≤ C2‖f‖p,γ ,
where C2 = c1C

′
2, and, for p = 1 and 1− 1/q = β,

∣
∣{x ∈ RNn,+ :Mα

γ f(x) > τ
}∣∣
γ
≤ μ{x ∈ RNn,+ :Mβ

μ f(x) > τ/c1
} ≤
(
C1

τ

∫

R
N
n,+

|f(x)| dμ(x)
)q
,

where C1 = c1C
′
1.

Theorem 1 is proved.

Corollary 1. 1. Let f ∈ L1,γ
(
R
N
n,+

)
. Then

∣
∣{x ∈ RNn,+ :Mγf(x) > τ

}∣∣
γ
≤ C3

τ

∫

R
N
n,+

|f(x)|(x′)γ dx (18)

for all τ > 0, where the constant C3 is independent of f .
2. Let f ∈ Lp,γ

(
R
N
n,+

)
and 1 < p ≤ ∞. Then Mγf(x) ∈ Lp,γ

(
R
N
n,+

)
and

‖Mγf‖p,γ ≤ C4‖f‖p,γ , (19)

where C4 is a constant independent of f .

Corollary 2. If f ∈ Lp,γ
(
R
N
n,+

)
and 1 ≤ p ≤ ∞ then

lim
r→0 |B(0, r)|

−1
γ

∫

B(0,r)

T yf(x)(y′)γ dy = f(x)

for almost all x ∈ RNn,+.
Remark 1. Note that for 0 < α < Q Theorem 1 is new even in the one-dimensional case. Corollary 1

is proved in [17] for the one-dimensional case, i.e., for N = n = 1, and in [7] for the multidimensional
case for n = N ≥ 2 (see [8] for details).

3. Pointwise and Integral Estimates for the B-Riesz Potential

Consider the B-Riesz potential

Iαγ f(x) =

∫

R
N
n,+

T y|x|α−Qf(y)(y′)γ dy, 0 < α < Q.

It is easy to show that if p ≥ Q
α then I

α
γ f is not defined for all functions f ∈ Lp,γ

(
R
N
n,+

)
.

Let us prove the following theorem which yields a pointwise estimate for the B-Riesz potential Iαγ f(x).
For a Riesz potential some estimates of this kind were obtained in [13].

Theorem 2. Let 0 < α < Q and let f ∈ Lp,γ
(
R
N
n,+

)
be a locally summable function. Then for r > 0

and x ∈ RNn,+ there are constants C5–C8 depending only on α, p, n,N , and γ such that

Iαγ |f |(x) ≤ C5
(
rαMγf(x) + r

α−λ
pMλ/p

γ f(x)
)
, 1 ≤ p < λ/α; (20)

Iαγ |f |(x) ≤ C6‖f‖
αp
Q
p,γ(Mγf(x))

1−αp
Q , 1 ≤ p < Q/α; (21)

Iαθγ f(x) ≤ C7
(
Iαγ f(x)

)θ
(Mγf(x))

1−θ, 0 < θ < 1; (22)

Iαθγ f(x) ≤ C8
(
Mα
γ f(x)

)θ
(Mγf(x))

1−θ, 0 < θ < 1. (23)
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Proof. Let r > 0 be an arbitrary number. Using the properties of convolution, present Iαγ |f |(x) as

Iαγ |f |(x) =
∫

R
N
n,+

|y|α−QT y|f(x)|(y′)γ dy

=

( ∫

B(0,r)

+

∫

R
N
n,+\B(0,r)

)
T y|f(x)| |y|α−Q(y′)γ dy = J1(x, r) + J2(x, r).

To prove (20), we first estimate J1(x, r). Summing over all j > 0, we get

J1(x, r) ≤
∫

B(0,r)

T y|f(x)| |y|α−Q(y′)γ dy

=

∞∑

j=1

∫

B(0,2−j+1r)\B(0,2−jr)
T y|f(x)| |y|α−Q(y′)γ dy ≤ crαMγf(x).

Therefore,

J1(x, t) ≤ ctαMγf(x). (24)

Similarly, estimate J2(x, r):

J2(x, r) =

∫

R
N
n,+\B(0,r)

|y|α−QT y|f(x)|(y′)γ dy

≤
∞∑

k=0

∫

B(0,2k+1r)\B(0,2kr)
|y|α−QT y|f(x)|(y′)γ dy ≤ crα−λpM

λ
p
γ f(x),

since α− λp < 0 by assumption.
Thus, (20) is proved. We turn to the proof of (21). Using (1) and the estimate for J2(x, t) given

below, we obtain (21).

Applying Hölder’s inequality and (1), we infer

J2(x, t) ≤
( ∫

R
N
n,+\B(0,t)

(T y|f(x)|)p(y′)γ dy
)1/p( ∫

R
N
n,+\B(0,t)

|y|(α−Q)p′(y′)γ dy
)1/p′

≤ ‖T yf‖p,γ
( ∫

R
N
n,+\B(0,t)

|y|(α−Q)p′(y′)γ dy
)1/p′

≤ ‖f‖p,γ
( ∫

R
N
n,+\B(0,t)

|y|(α−Q)p′(y′)γ dy
)1/p′

.
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Pass to the spherical coordinates:

( ∫

R
N
n,+\B(0,t)

|y|(α−Q)p′(y′)γ dy
)1/p′

=

( ∞∫

t

∫

SN−1+

r(α−Q)p
′+Q−1(θ′)γ drdθ

)1/p′

=

( ∫

SN−1+

(θ′)γ dθ
∞∫

t

r(α−Q)p
′+Q−1 dr

)1/p′

=

( ∫

SN−1+

(θ′)γ dθ
)1/p′( ∞∫

t

r(α−Q)p
′+N+γ−1 dr

)1/p′
= ct

α−Q+Q
p′ = ctα−

Q
p .

Therefore,

J2(x, t) ≤ c‖f‖p,γtα−
Q
p . (25)

Hence, from (24) and (25)

Iαγ |f |(x) ≤ c(tαMγf(x) + ‖f‖p,γtα−
Q
p ).

Minimizing by t, for t = [(Mγf(x))
−1‖f‖p,γ ]p/(Q) we obtain

Iαγ |f |(x) ≤ C6‖f‖
αp
Q
p,γ(Mγf(x))

1−αp
Q .

We now prove (22). Consider

Iαθγ f(x) =

∫

R
N
n,+

T yf(x)|y|αθ−Q(y′)γ dy

=

( ∫

B(0,t)

+

∫

R
N
n,+\B(0,t)

)
T yf(x)|y|αθ−Q(y′)γ dy = I1(x, t) + I2(x, t).

Estimate I2(x, t). Note that since, by the hypotheses of the theorem, 0 < θ < 1, we have αθ−α < 0 and
|y|αθ−α ≤ tαθ−α for all y ∈ RNn,+\B(0, t). Therefore,

I2(x, t) =

∫

R
N
n,+\B(0,t)

T yf(x)|y|αθ−Q(y′)γ dy

≤ tαθ−α
∫

R
N
n,+\B(0,t)

T yf(x)|y|α−Q(y′)γ dy ≤ tαθ−αIαγ f(x). (26)

Using (24) and (26), we get

I1(x, t) ≤ ctαθMγf(x), (27)

I2(x, t) ≤ tαθ−αIαγ f(x). (28)

Hence, it follows from (27) and (28) that

Iαθγ f(x) ≤ ctαθMγf(x) + tαθ−αIαγ f(x). (29)
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Minimizing by t, for t =
[
(Mγf(x))

−1Iαγ f(x)
]1/α

we find that

Iαθγ f(x) ≤ C7
(
Iαγ f(x)

)θ
(Mγf(x))

1−θ.

Turn to the proof of (23). Consider I2(x, t). Summing over all j > 0, we obtain

I2(x, t) ≤
∞∑

j=0

∫

B(0,2j+1t)\B(0,2jt)
T yf(x)|y|αθ−Q(y′)γ dy ≤

∞∑

j=0

(2jt)αθ−N−|γ|
∫

B(0,2j+1t)

T yf(x)(y′)γ dy

≤ 2Q−αtαθ−αMα
γ f(x)

∞∑

j=0

(2αθ−α)j ≤ ctαθ−αMα
γ f(x).

Therefore,
I2(x, t) ≤ cαθ−αMα

γ f(x). (30)

Using (27) and (30), we deduce

Iαθγ f(x) ≤ tαθMγf(x) + ctαθ−αMα
γ f(x).

Minimizing by t, for t =
[
(Mγf(x))

−1Mα
γ f(x)

]1/α
we obtain

Iαθγ f(x) ≤ C8
(
Mα
γ f(x)

)θ
(Mγf(x))

1−θ.

Theorem 2 is proved.

Theorem 3. Let 0 < α < Q and f ∈ Lp,γ
(
R
N
n,+

)
.

(a) If 1 < p < λ
α , 1 ≤ r ≤ ∞, and 1q = 1

p − αλ + αpλr then
∥
∥Iαγ f

∥
∥
q,γ
≤ C9

∥
∥M

λ
p
γ f
∥
∥
αp
λ

r,γ
‖f‖1−

αp
λ

p,γ (31)

for all f ∈ Lp,γ
(
R
N
n,+

)
and all M

λ/p
γ f ∈ Lr,γ

(
R
N
n,+

)
, where C9 is a constant independent of f .

(b) If 1 < p < Q
α then there are constants C10 and C11 depending only on α, p, n,N , and γ such that

∥
∥Iαθγ f

∥
∥
r,γ
≤ C10

∥
∥Iαγ |f |

∥
∥θ
q,γ
‖f‖1−θp,γ , (32)

∥
∥Iαθγ f

∥
∥
r,γ
≤ C11

∥
∥Mα

γ f
∥
∥θ
q,γ
‖f‖1−θLp,γ , (33)

where 0 < θ < 1, 0 < q ≤ ∞, 1r = θ
q +

1−θ
p .

Proof. Inserting

r = r(x) =

(
M
λ/p
γ f(x)

Mγf(x)

)p/λ

in (20), we have
∣
∣Iαγ f(x)

∣
∣ ≤ C5

(
M

λ
p
γ f(x)

)αp
λ (Mγf(x))

1−αp
λ (34)

for all x ∈ RNn,+. Taking the qth power of the two sides of the inequality, integrating over x, and applying
Hölder’s inequality to the right-hand side of (34), we obtain

∫

R
N
n,+

∣
∣Iαγ f(x)

∣
∣q(x′)γdx ≤ Cq5

∫

R
N
n,+

(
M

λ
p
γ f(x)

)αpq
λ (Mγf(x))

q−αpq
λ (x′)γ dx

≤ Cq5
∥
∥(M

λ
p
γ f
)αpq
λ
∥
∥
s′,γ‖(Mγf)q−

αpq
λ ‖s,γ ,
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where
(
q − αpqλ

)
s = p, s′ = s

s−1 =
λr
αpq ,

1
q =

1
p − αλ + αpλr . Therefore,

∥
∥Iαγ f

∥
∥
q,γ
≤ C5

∥
∥M

λ
p
γ f
∥
∥
αp
λ

r,γ
‖Mγf‖

p
qs
p,γ ≤ C9

∥
∥M

λ
p
γ f
∥
∥
αp
λ

r,γ
‖f‖

p
qs
p,γ = C9

∥
∥M

λ
p
γ f
∥
∥
αp
λ

r,γ
‖f‖1−

αp
λ

p,γ .

We now prove (32); (33) can be checked analogously.
Consider

∥
∥Iαθγ f

∥
∥
r,γ
. From (22) and Hölder’s inequality we obtain

∥
∥Iαθγ f

∥
∥
r,γ
≤ C7

∥
∥(Iαγ |f |

)θ
(Mγf)

1−θ∥∥
r,γ
≤ C7

∥
∥(Iαγ |f |

)θ∥∥
rτ ′,γ‖(Mγf)1−θ‖rτ,γ .

Put p = (1− θ)rτ, q = θrτ ′, where τ ′ = τ
τ−1 . Then, obviously,

1
rτ =

1−θ
p and

1
rτ ′ =

θ
q . From the above we

have ∥
∥Iαθγ f

∥
∥
r,γ
≤ C7‖Iαγ |f | ‖θq,γ‖Mγf‖1−θp,γ .

The last inequality, (19), and Corollary 1 yield

∥
∥Iαθγ f

∥
∥
r,γ
≤ C10

∥
∥Iαγ |f |

∥
∥θ
q,γ
‖f‖1−θp,γ .

Theorem 3 is proved.

We now consider the modified B-Riesz potential

Ĩαγ f(x) =

∫

R
N
n,+

(T y|x|α−Q − |y|α−QχB∗(0,1)(y))f(y)(y′)γ dy,

where B∗(0, 1) = RNn,+\B(0, 1).
Using Theorems 1 and 2, we can obtain Sobolev’s theorem that was proved in [18] for a B-Riesz

potential; namely, we can show that Iαγ is an operator of strong type (p, q)γ , 1 < p < Q/α, 1/p−1/q = α/Q
and of weak type (1, q)γ , 1/q = 1 − α/Q (see the case N = n = 1 in [19]; the case N ≥ 2 and n = 1
in [20]; and the case N = n ≥ 2 in [7, 21]).
Theorem 4. Let 0 < α < Q, 1 ≤ p ≤ Q

α .

(a) If p = 1 then the condition 1 − 1q = α
Q is necessary and sufficient for I

α
γ to be bounded from

L1,γ
(
R
N
n,+

)
to WLq,γ

(
R
N
n,+

)
.

(b) If 1 < p < Q
α then the condition

1
p − 1q = α

Q is necessary and sufficient for I
α
γ to be bounded from

Lp,γ
(
R
N
n,+

)
to Lq,γ

(
R
N
n,+

)
.

(c) If p = Q
α , f ∈ Lp,γ

(
R
N
n,+

)
, ‖f‖Lp,γ = 1, and the support of f belongs to B(0, r) then

∫

B(0,r)

exp
(
β0
∣
∣Iαγ f(x)

∣
∣p′)(x′)γ dx ≤ C0ω(N,n, γ)rQ,

where β0 = ω(N,n, γ)
−1(pCγ,n)−p

′
, and C0 = C0(N,α, γ) is a constant depending only on N , α, and γ.

(d) If p = Q
α and f ∈ Lp,γ

(
R
N
n,+

)
then Ĩαγ f ∈ BMOγ

(
R
N
n,+

)
and

∥
∥Ĩαγ f

∥
∥
BMOγ

≤ C12‖f‖p,γ ,
where C12 > 0 is a constant independent of f .
If the integral Iαγ f exists almost everywhere then I

α
γ f ∈ BMOγ(R

N
n,+) and

∥
∥Iαγ f

∥
∥
BMOγ

≤ C13‖f‖p,γ ,
where C13 > 0 is a constant independent of f .
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Remark 2. The parts (a) and (b) of Theorem 4 were proved in [11, 14, 21, 22] by different methods
(also see [18]). In the case n = 1 the parts (a) and (b) of Theorem 4 were proved in [20], and in the case
n = N , they were proved in [7] (also see [8]).

Proof. First of all, we prove (c). Put A = |B(0, r)|γ . Applying Lemma 1, an analog of the O’Neil
inequality for generalized convolutions in [11, 14], and Lemma 2, we have

(
Iαγ f
)∗
γ
(t) ≤ (Iαγ f

)∗∗
γ
(t)

≤ Cγ,n
(
f∗∗γ (t)

t∫

0

(| · |α−N−γ)∗∗γ (s)ds+
∞∫

t

f∗γ (s)(| · |α−N−γ)∗∗γ (s) ds
)

= Cγ,n

(
f∗∗γ (t)

t∫

0

Q

α

(
ω(N,n, γ)

s

)Q−α
Q

ds+

A∫

t

f∗γ (s)
Q

α

(
ω(N,n, γ)

s

)Q−α
Q

ds

)
. (35)

Since p = Q
α , p

′ = p
p−1 =

Q
Q−α , and

1
p′ =

Q−α
Q , we find that

(
Iαγ f
)∗
γ
(t) ≤ Cγ,npω(N,n, γ)

1
p′
(
pt
− 1
p′

t∫

0

f∗γ (s) ds+
A∫

t

f∗γ (s)s
− 1
p′ ds

)
. (36)

Put

a(s, t) =

⎧
⎨

⎩

1, 0 < s < t,

pe(t−s)/p′ , t < s <∞,
0, −∞ < s ≤ 0,

φ(s) = A1/pf∗γ (Ae
−s)e−s/p.

Then

sup
t>0

( 0∫

−∞
+

∞∫

t

a(s, t)p
′
ds

)1/p′
= sup
t>0

( ∞∫

t

(pe(t−s)/p
′
)p
′
ds

)1/p′
= p <∞,

∞∫

−∞
φ(s)p ds =

∞∫

−∞
Af∗γ (Ae

−s)pe−s ds =
∞∫

0

f∗γ (t)
p dt

=

A∫

0

f∗γ (t)
p dt =

∫

B(0,r)

|f(x)|p(x′)γ dx = 1.

Since a(s, t) and φ(s) satisfy (3)–(5), by Lemma 3, there is a constant C0, independent of p such that

∞∫

0

e−F (t) dt ≤ C0,

where F (t) = t− ( ∫∞−∞ a(s, t)φ(s) ds
)p′
. Inserting the values of a(s, t) and φ(s), we get

F (t) = t−
( t∫

0

φ(s) ds+

∞∫

t

pe(t−s)/p
′
φ(s) ds

)p′
= t−

( t∫

0

A1/pf∗γ (Ae
−s
)
e
− s
p ds

+

( ∞∫

t

pe(t−s)/p
′
A1/pf∗γ (Ae

−s)e−
s
p ds

)p′
.
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Changing variables, we obtain

F

(
log

A

t

)
= log

A

t
−
( log

A
t∫

0

A1/pf∗γ (Ae
−s)e−

s
p ds

+

∞∫

log A
t

pe(log
A
t
−s)/p′A1/pf∗γ (Ae

−s)e−
s
p ds

)p′
= log

A

t
− (I1 + I2)p′ .

Estimate I1 and I2:

I1 =

log A
t∫

0

A1/pf∗γ (Ae
−s)e−

s
p ds =

A∫

t

f∗γ (τ)τ
− 1
p′ dτ,

I2 =

∞∫

log A
t

pe(log
A
t
−s)/p′A1/pf∗γ (Ae

−s)e−
s
p ds =

∞∫

log A
t

e
log At
p′ e

− s
p′ e
− s
pA1/pf∗γ (Ae

−s) ds

=

∞∫

log A
t

pAt
− 1
p′ e−sf∗γ (Ae

−s) ds = pt−
1
p′

t∫

0

f∗γ (τ) dτ.

Inserting estimates for I1 and I2, we have

F

(
log

A

t

)
= log

A

t
−
(
pt
− 1
p′

t∫

0

f∗γ (τ) dτ +
A∫

t

f∗γ (τ)τ
− 1
p′ dτ

)p′
. (37)

Combining (35)–(37), we obtain

C0 ≥
∞∫

0

e−F (t) dt =
A∫

0

t−1e−F (log
A
t
) dt

=

A∫

0

t−1 exp
{(

pt
− 1
p′

t∫

0

f∗γ (τ) dτ +
A∫

t

f∗γ (τ)τ
− 1
p′ dτ

)p′
− log A

t

}
dt

=
1

A

A∫

0

exp

{(
pt
− 1
p′

t∫

0

f∗γ (τ) dτ +
A∫

t

f∗γ (τ)τ
− 1
p′ dτ

)p′}
dt

≥ 1
A

A∫

0

exp

{
ω(N,n, γ)−1

[(Iαγ f
)∗
γ
(t)

Cγ,np

]p′}
dt =

1

A

∫

B(0,r)

exp
(
β0
∣
∣Iαγ f(x)

∣
∣p′)(x′)γ dx.

Therefore,
1

A

∫

B(0,r)

exp
(
β0
∣
∣Iαγ f(x)

∣
∣p′)(x′)γ dx ≤ C0.

The part (c) of Theorem 4 is proved.
Note that the proof of the part (d) of Theorem 4 is analogous to that of Theorem 4 in [8].
The proof of Theorem 4 is complete.

The authors sincerely thank the referees for the remarks that improved the article.
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