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Abstract. We introduce the generalized fractional integrals (generalized B-
fractional integrals) generated by the ∆B Laplace�Bessel di�erential operator
and give some results for them. We obtain O'Neil type inequalities for the B-
convolutions and give pointwise rearrangement estimates of the generalized B-
fractional integrals. Then we get the Lp,γ-boundedness of the generalized B-
convolution operator, the generalized B-Riesz potential and the generalized frac-
tional B-maximal function. Finally, we prove a sharp pointwise estimate of the
nonincreasing rearrangement of the generalized fractional B-maximal function.

1. Introduction and statement of main results

The potential type integral operators have an important place in the the-
ory of harmonic analysis and partial di�erential equations. The potentials
and related topics associated with the Bessel di�erential expansion
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have been research areas for many mathematicians such as B. M. Levitan [11],
B. Muckenhoupt and E. M. Stein [15], I. A. Kipriyanov [8], L. N. Lyakhov
[13], K. Stempak [19], A. D. Gadjiev and I. A. Aliev [1], A. Serbetci and
I. Ekincioglu [17], V. S. Guliyev [6] and others.

In this paper we realize some estimates of the generalized B-fractional
integrals generated by the generalized shift operator of the form (see [9, 11,
13])

T yf(x) = Ck,γ

∫ π

0
. . .

∫ π

0
f
(
(x′, y′)α, x′′ − y′′

)
dν(α),

where

Ck,γ = π−
k
2

k∏

i=1

Γ
(
(γi + 1)/2

)

Γ(γi/2)
, (xi, yi)αi

=
√

x2
i − 2xiyi cosαi + y2

i ,

1 5 i 5 k,

(x′, y′)α =
(
(x1, y1)α1

, . . . , (xk, yk)αk

)
and dν(α) =

k∏

i=1

sinγi−1 αi dαi,

1 5 k 5 n.

Note that the generalized shift operator T y is closely related to the ∆B

Laplace�Bessel di�erential operator

∆B =
k∑

i=1

Bi +
n∑

i=k+1

∂2

∂x2
i

,

and generates the corresponding B-convolution

(f ⊗ g)(x) =
∫

Rn
k,+

f(y) T yg(x) (y′)γ
dy.

Let Rn
k,+ be the part of the Euclidean space Rn of points x = (x1, . . . , xn)

de�ned by the inequalities x1 > 0, . . . , xk > 0, 1 5 k 5 n. We write x =
(x′, x′′), x′ = (x1, . . . , xk) ∈ Rk, x′′ = (xk+1, . . . , xn) ∈ Rn−k, and de�ne
B(x, r) =

{
y ∈ Rn

k,+; |x− y| < r
}
, Sn−1

k,+ =
{

x ∈ Rn
k,+ : |x| = 1

}
, (x′)γ = xγ1

1

· . . . · xγk
k , where γ = (γ1, . . . , γk) is a multi-index consisting of �xed positive

numbers such that |γ| = γ1 + · · ·+ γk. For any measurable set E ⊂ Rn
k,+,

de�ne |E|γ =
∫
E (x′)γ dx, then

∣∣B(0, r)
∣∣
γ

= ω(n, k, γ) rQ, where ω(n, k, γ)

=
∣∣B(0, 1)

∣∣
γ
, Q = n + |γ|.
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Denote by Lp,γ ≡ Lp,γ(Rn
k,+) the set of all classes of measurable functions

f with the �nite norm

‖f‖Lp,γ
=

( ∫

Rn
k,+

∣∣f(x)
∣∣p(x′)γ

dx

)1/p

, 1 5 p < ∞.

If p = ∞, we assume

L∞,γ ≡ L∞,γ(Rn
k,+) = L∞(Rn

k,+) =
{

f : ‖f‖L∞,γ
= ess sup

x∈Rn
k,+

∣∣f(x)
∣∣ < ∞

}
.

In order to state the main results we de�ne the generalized fractional
B-maximal function by

(1) MΩ,α,γf(x) = sup
r>0

1
rQ−α

∫

B(0,r)

∣∣Ω(y)
∣∣T y

∣∣f(x)
∣∣(y′)γ

dy,

the generalized B-Riesz potential by

(2) IΩ,α,γf(x) =
∫

Rn
k,+

Ω(y)

|y|Q−α
T yf(x)(y′)γ

dy,

and the generalized B-convolution operator by

(3) (Kα ⊗ f)(x) =
∫

Rn
k,+

Kα(y)T yf(x)(y′)γ
dy,

where 0 5 α < Q, Q = n + |γ|, Ω ∈ Ls,γ(Sn−1
k,+ ), s = 1 and Kα belongs to the

weak Lp,γ space WLQ/(Q−α),γ(Rn
k,+).

The aim of this paper is to obtain O'Neil type inequalities for the B-
convolutions, and Lp,γ-boundedness for MΩ,α,γ , IΩ,α,γ and Kα ⊗ f . In the
case Ω ≡ 1, V. S. Guliyev [6] has �rstly introduced and investigated the
(Lp,γ , Lq,γ)-boundedness, 1 < p 5 q < ∞ and 1/p− 1/q = α/Q, of the frac-
tional B-maximal function Mα,γ , and I. A. Aliev and A. D. Gadjiev [1], L. N.
Lyakhov [13] and V. S. Guliyev [6] have shown the (Lp,γ , Lq,γ)-boundedness,
1 < p < q < ∞ and 1/p− 1/q = α/Q, of the B-Riesz potential Iα,γ recently.

The following three theorems are our main results. In Theorem 1 we get
the O'Neil type inequality for the B-convolutions. In Theorem 2 we obtain
a pointwise rearrangement estimate of the generalized B-convolution opera-
tor Kα ⊗ f . Finally, in Theorem 3 we show the validity of a Sobolev type
inequality for Kα ⊗ f .
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Theorem 1. Let f , g be two positive measurable functions on Rn
k,+. Then

for all t > 0 the following inequality holds:

(4) (f ⊗ g)∗∗γ (t) 5 Ck,γ

(
f∗∗γ (t)

∫ t

0
g∗∗γ (u) du +

∫ ∞

t
f∗γ (u)g∗∗γ (u) du

)
.

Theorem 2. Let Kα ∈ WLQ/(Q−α),γ(Rn
k,+), 0 < α < Q. Then

(Kα ⊗ f)∗γ(t) 5 (Kα ⊗ f)∗∗γ (t)(5)

5 C1

(
tα/Q−1

∫ t

0
f∗γ (s) ds +

∫ ∞

t
sα/Q−1f∗γ (s) ds

)
,

where C1 = Ck,γ(Q/α)2‖Kα‖WLQ/(Q−α),γ
.

Theorem 3. Let 0 < α < Q, Kα ∈ WLQ/(Q−α),γ(Rn
k,+), and 1 5 p 5

Q/α.
1) If 1 < p < Q/α, f ∈ Lp,γ(Rn

k,+) and 1/p− 1/q = α/Q, then Kα ⊗ f

∈ Lq,γ(Rn
k,+) and

‖Kα ⊗ f‖Lq,γ
5 C1 K(p, q) ‖f‖Lp,γ

,

where
K(p, q) =

(
p1/qq1/p′ + (p′)1/q(q′)1/p′)

, p′ = p/(p− 1).

2) If p = 1, f ∈ Lp,γ(Rn
k,+) and 1− 1/q = α/Q, then

Kα ⊗ f ∈ WLq,γ(Rn
k,+)

and
‖Kα ⊗ f‖WLq,γ

5 2C1‖f‖Lp,γ
.

3) If p = Q/α, Kα is homogeneous of degree α−Q on Rn
k,+, and f ∈

Lp,1,γ(Rn
k,+), then Kα ⊗ f ∈ L∞,γ(Rn

k,+) and

‖Kα ⊗ f‖L∞,γ
5 2C1‖f‖Lp,1,γ

,

where Lp,1,γ(Rn
k,+) is the Lorentz spaces with �nite norm

‖f‖Lp,1,γ
=

∥∥f∗γ (t)t−1/p′∥∥
L1(0,∞)

.

Remark 1. Note that, for Kα(x) = |x|α−Q and p = Q/α, there exists a
function f ∈ Lp,γ such that (Kα ⊗ f)(x) = ∞ for all x ∈ Rn

k,+.
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2. Auxiliary lemmas

For the generalized shift operator T y the following two lemmas are valid.
Lemma 1 [12]. Let f ∈ Lp,γ(Rn

k,+), 1 5 p 5 ∞. Then for all y ∈ Rn
k,+

(6)
∥∥T yf(·)∥∥

Lp,γ
5 ‖f‖Lp,γ

.

Lemma 2. For any measurable set A = (A′,A′′) ⊂ Rn
k,+, A′ = A1× . . .×

Ak ⊂ (0,∞)k, A′′ ⊂ Rn−k and for any y ∈ Rn
k,+ the following equality holds:

∫

A
T yg(x)(x′)γ

dx = Ck,γ

∫

(y,0)+A
g
(√

z2
1 + z2

1, . . . ,
√

z2
k + z2

k, z
′′
)

dµ(z, z′),

(7)

where (x, 0) = (x, 0, . . . , 0︸ ︷︷ ︸
k-times

), z′ = (z1, . . . , zk), dµ(z, z′) = z′γ−1
dzdz′, dz′ =

dz1 · · ·dzk, z′γ−1 = zγ1−1
1 · · · zγk−1

k , (z, z′) ∈ Rn
k,+× (0,∞)k, mi = supAi, i =

1, . . . , k, A =
(
(−m1, m1)× [0,m1)× . . .× (−mk,mk)× [0,mk)

) ×A′′.
The proof of Lemma 2 is straightforward after applying the substitutions

(8)
{

z′′ = x′′, zi = xi cosαi, zi = xi sinαi, 0 5 αi < π, i = 1, . . . , k,

z′ = (z1, . . . , zk), (z, z′) ∈ Rn
k,+ × (0,∞)k.

We need the following two generalized Hardy inequalities (see [14]) which
are to be used in the proof of Theorem 3.

Lemma 3. Let 1 5 p 5 q 5 ∞ and let v and w be two functions measur-
able and positive a.e. on (0,∞). Then there exists a constant C independent
of ϕ such that

(9)
(∫ ∞

0

(∫ t

0
ϕ(s) ds

)q

w(t) dt

)1/q

5 C

( ∫ ∞

0
ϕ(t)pv(t) dt

)1/p

,

if and only if

(10) K = sup
r>0

(∫ ∞

r
w(t) dt

)1/q( ∫ r

0
v(t)1−p′ dt

)1/p′

< ∞,

where p+p′ = pp′. Moreover, if C is the best constant in (9) and K is de�ned
by (10), then

(11) K 5 C 5 k(p, q)K.
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Here the constant k(p, q) in (11) can be written in various forms. For example
(see [16])

k(p, q) = p1/q(p′)1/p′ or k(p, q) = q1/q(q′)1/p′ or

k(p, q) =
(
1 + q/p′

)1/q(1 + p′/q
)1/p′

.

Lemma 4. Let 1 5 p 5 q 5 ∞ and let v and w be two functions measur-
able and positive a.e. on (0,∞). Then there exists a constant C independent
of ϕ such that

(12)
(∫ ∞

0

(∫ ∞

t
ϕ(s) ds

)q

w(t) dt

)1/q

5 C

( ∫ ∞

0
ϕ(t)pv(t) dt

)1/p

if and only if

K1 = sup
r>0

( ∫ r

0
w(t) dt

)1/q(∫ ∞

r
v(t)1−p′ dt

)1/p′

< ∞.

Moreover, the best constant C in (12) satis�es the inequalities K1 5 C
5 k(p, q)K1.

Now we de�ne the γ-rearrangement of a measurable function. Let f :
Rn

k,+ → R be a measurable function. Then the γ-rearrangement of f in de-
creasing order is de�ned by

f∗γ (t) = inf
{

s > 0 : f∗,γ(s) 5 t
}

, ∀t ∈ [0,∞),

where f∗,γ is the γ-distribution function of f de�ned by

f∗,γ(s) =
∣∣∣{x ∈ Rn

k,+ :
∣∣f(x)

∣∣ > s}
∣∣∣
γ
.

Some properties of γ-rearrangements of functions are given as follows (see
[7, 18]):

1) if 0 < p < ∞, then

(13)
∫

Rn
k,+

∣∣f(x)
∣∣p(x′)γ

dx =
∫ ∞

0

(
f∗γ (t)

)p
dt;

2) for any t > 0,

(14) sup
|E|γ=t

∫

E

∣∣f(x)
∣∣(x′)γ

dx =
∫ t

0
f∗γ (s) ds;
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3)

(15)
∫

Rn
k,+

∣∣f(x)g(x)
∣∣(x′)γ

dx 5
∫ ∞

0
f∗γ (t)g∗γ(t) dt.

4)

(16) f∗γ
(
f∗,γ(s)

)
5 s, (f∗,γ(s) < ∞); f∗,γ

(
f∗γ (t)

)
5 t, (f∗γ (t) < ∞);

Denote by WLp,γ ≡ WLp,γ(Rn
k,+) the weak Lp,γ space of all measurable

functions f with the �nite norm

‖f‖WLp,γ
= sup

t>0
t1/pf∗γ (t) < ∞, 1 5 p < ∞.

The function f∗∗ on (0,∞) is de�ned by f∗∗(t) = 1
t

t∫
0

f∗(s) ds, t > 0, and

the following inequality holds (see [7]):

(f + g)∗∗γ (t) 5 f∗∗γ (t) + g∗∗γ (t).

In the following lemma we give a relation between the generalized shift
operator T y and the γ-rearrangement of the function f .

Lemma 5. For any measurable set A ⊂ Rn
k,+ and y ∈ Rn

k,+ the following
equality holds:

(17) sup
|A|γ=t

∫

A
T y

∣∣f(x)
∣∣(x′)γ

dx = Ck,γ

∫ t

0
f∗γ (s) ds.

Proof. By Lemma 2 we have

(18)
∫

A
T y

∣∣f(x)
∣∣(x′)γ

dx = Ck,γ

∫

(y,0)+A

∣∣f(z, z′)
∣∣ dµ(z, z′),

where f(z, z′) = f
(√

z2
1 + z2

1, . . . ,
√

z2
k + z2

k, z
′′
)
. For the function f(z, z′)

the analogue of the equality (14) is valid (see, [7]):

(19) sup
µ(A)=t

∫

A

∣∣f(z, z′)
∣∣ dµ(z, z′) =

∫ t

0
(f)∗µ(s) ds,

where (f)∗µ(s) = inf {t > 0 : µ(
{

(z, z′) :
∣∣f(z, z′)

∣∣ > t
}
) 5 s}.
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Note that µ
(
(y, 0) +A)

= |A|γ and (f)∗µ(s) = f∗γ (s). From the equalities
(18) and (19) we have

sup
|A|γ=t

∫

A
T y

∣∣f(x)
∣∣(x′)γ

dx = Ck,γ sup
µ(A)=t

∫

(y,0)+A

∣∣f(z, z′)
∣∣ dµ(z, z′)

= Ck,γ

∫ t

0
(f)∗µ(s) ds = Ck,γ

∫ t

0
f∗γ (s) ds. ¤

Lemma 6. Suppose that Ω is homogeneous of degree zero on Rn
k,+, Ω ∈

Ls,γ(Sn−1
k,+ ), 1 5 s 5 ∞, and

g(x) =
Ω(x)

|x|Q/s
.

Then g ∈ WLs,γ(Rn
k,+) and

(20) ‖g‖WLs,γ
= Q−1/s‖Ω‖Ls,γ(Sn−1

k,+ ).

Proof. It is not hard to see that

g∗,γ(t) = Q−1‖Ω‖s
Ls,γ(Sn−1

k,+ )
t−s,

g∗γ(t) = (Qt)−1/s‖Ω‖Ls,γ(Sn−1
k,+ ), and g∗∗γ (t) = s′ g∗γ(t).

Then g ∈ WLs,γ and the equality (20) is valid. ¤
Remark 2. From Lemma 6 it can be easily seen that for 0 < α < Q,

|x|α−Q ∈ WLQ/(Q−α),γ and
∥∥ |x|α−Q

∥∥
WLQ/(Q−α),γ

= ω(n, k, γ)1−α/Q,

Ω(x)

|x|Q−α
∈ WLQ/(Q−α),γ

and ∥∥∥∥∥
Ω(x)

|x|Q−α

∥∥∥∥∥
WLQ/(Q−α),γ

= Qα/Q−1‖Ω‖Q/(Q−α)

LQ/(Q−α),γ(Sn−1
k,+ )

.

Note that the inequality

(21) MΩ,α,γf(x) 5 I|Ω|,α,γ

( |f |)(x)
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is valid. Indeed, for all r > 0 we have

I|Ω|,α,γ

( |f |)(x) =
∫

B(0,r)

∣∣Ω(y)
∣∣

|y|Q−α
T y

∣∣f(x)
∣∣(y′)γ

dy

= 1
rQ−α

∫

B(0,r)

∣∣Ω(y)
∣∣T y

∣∣f(x)
∣∣(y′)γ

dy.

Taking supremum over all r > 0, we get (21).

3. An O'Neil type inequality for B-convolutions

Proof of Theorem 1. Note that the methods of proof used here are
closer to that in [10]. We choose a measurable set Et, t > 0, such that

{x ∈ Rn
k,+ :

∣∣f(x)
∣∣ > f∗γ (t)} ⊂ Et ⊂ {x ∈ Rn

k,+ :
∣∣f(x)

∣∣ = f∗γ (t)}.

Set
f1(x) =

(
f(x)− f∗γ (t)

)
χEt(x), f2(x) = f(x)− f1(x).

For any measurable set A in Rn
k,+ with measure |A|γ = t, we have

∫

A
(g ⊗ f1)(x)(x′)γ

dx =
∫

Rn
k,+

f1(y)(y′)γ
dy

∫

A
T yg(x)(x′)γ

dx.

Hence from Lemma 2, we obtain
∫

A
(g ⊗ f1)(x)(x′)γ

dx 5 Ck,γ

∫ t

0
g∗γ(u) du

∫

Rn
k,+

f1(y)(y′)γ
dy

5 Ck,γ

∫ t

0
g∗∗γ (u) du

∫

Rn
k,+

f1(y)(y′)γ
dy

= Ck,γ

(∫

Et

f(y)(y′)γ
dy − tf∗γ (t)

) ∫ t

0
g∗∗γ (u) du.

Thus from (14) we have

(g ⊗ f1)
∗∗
γ (t) =

1
t

sup
|A|γ=t

∫

A
(g ⊗ f1)γ(x)(x′)γ

dx

5 Ck,γ

(
f∗∗γ (t)− f∗γ (t)

) ∫ t

0
g∗∗γ (u) du.
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Next, estimate (g ⊗ f2)
∗∗
γ (t). By using Lemma 5 and equality (14), we get
(
T ·g(x)

)∗
γ
(s) 5

(
T ·g(x)

)∗∗
γ

(s)(22)

=
1
s

sup
|A|γ=s

∫

A
T yg(x)(y′)γ

dy = Ck,γg∗∗γ (s).

Hence from (15) we obtain

(g ⊗ f2)(x) 5
∫ ∞

0
(f2)

∗
γ(u)

(
T ·g(x)

)∗
γ
(u) du 5 Ck,γ

∫ ∞

0
(f2)

∗
γ(u)g∗∗γ (u) du

= Ck,γ

(
f∗γ (t)

∫ t

0
g∗∗γ (u) du +

∫ ∞

t
f∗γ (u)g∗∗γ (u) du

)
.

Finally, from (14) we get

(g ⊗ f2)
∗∗
γ (t) 5 Ck,γ

(
f∗γ (t)

∫ t

0
g∗∗γ (u) du +

∫ ∞

t
f∗γ (u)g∗∗γ (u) du

)
. ¤

Proof of Theorem 2. Let Kα ∈ WLQ/(Q−α),γ . Then we have

(Kα)∗γ(t) 5 ‖Kα‖WLQ/(Q−α),γ
tα/Q−1,

and
(Kα)∗∗γ (t) 5 Q

α
‖Kα‖WLQ/(Q−α),γ

tα/Q−1.

By using inequality (4) we get the inequality (5). ¤
Corollary 1. Suppose that Ω is homogeneous of degree zero on Rn

k,+ and
Ω ∈ LQ/(Q−α),γ(Sn−1

k,+ ), 0 < α < Q. Then for the generalized B-Riesz potential
the following inequalities hold:

(
IΩ,α,γf

)∗
γ
(t) 5

(
IΩ,α,γf

)∗∗
γ

(t)

5 C2

(
tα/Q−1

∫ t

0
f∗γ (s) ds +

∫ ∞

t
sα/Q−1f∗γ (s) ds

)
,

where C2 = Ck,γ α−2 Q1+α/Q‖Ω‖LQ/(Q−α),γ(Sn−1
k,+ ),

‖Ω‖LQ/(Q−α),γ(Sn−1
k,+ ) =

( ∫

Sn−1
k,+

∣∣Ω(x)
∣∣Q/(Q−α)

dσ(x)
)(Q−α)/Q

.

From Corollary 1 and inequality (21) we get the following rearrangement
inequalities for the generalized fractional B-maximal function MΩ,α,γf :
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Corollary 2. Suppose that Ω is homogeneous of degree zero on Rn
k,+

and Ω ∈ LQ/(Q−α),γ(Sn−1
k,+ ), 0 < α < Q. Then the following inequalities hold:
(
MΩ,α,γf

)∗
γ
(t) 5

(
MΩ,α,γf

)∗∗
γ

(t)

5 C2

(
tα/Q−1

∫ t

0
f∗γ (s) ds +

∫ ∞

t
sα/Q−1f∗γ (s) ds

)
.

Corollary 3. For the B-Riesz potential

Iα,γf(x) =
∫

Rn
k,+

T y|x|α−Qf(y)(y′)γ
dy, 0 < α < Q,

the following inequalities hold:

(
Iα,γf

)∗
γ
(t) 5

(
Iα,γf

)∗∗
γ

(t) 5 C3

(
tα/Q−1

∫ t

0
f∗γ (s)ds+

∫ ∞

t
sα/Q−1f∗γ (s)ds

)
,

where C3 = Ck,γ(Q/α)2ω(n, k, γ)(Q−α)/Q.

4. The boundedness of the generalized B-fractional integrals based
on rearrangement estimates

Proof of Theorem 3. 1) Let 1 < p < Q/α, f ∈ Lp,γ(Rn
k,+) and 1/p−

1/q = α/Q. By using the inequalities (5) and (13) we get

‖Kα ⊗ f‖Lq,γ
=

∥∥(Kα ⊗ f)∗γ
∥∥

Lq(0,∞)

5 C1

(∫ ∞

0
tq(α/Q−1)

( ∫ t

0
f∗γ (s) ds

)q

dt

)1/q

+ C1

(∫ ∞

0

( ∫ ∞

t
sα/Q−1f∗γ (s) ds

)q

dt

)1/q

.

From Lemma 3, for the validity of the inequality
(∫ ∞

0
tq(α/Q−1)

( ∫ t

0
f∗γ (s) ds

)q

dt

)1/q

5 C3

(∫ ∞

0
f∗γ (t)p dt

)1/p
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the necessary and su�cient condition is

sup
t>0

( ∫ ∞

t
sq(α/Q−1) ds

)1/q(∫ t

0
ds

)1/p′

=
(
(1− α/Q)q − 1

)−1/q sup
t>0

tα/Q−(1/p−1/q) < ∞⇔ 1/p− 1/q = α/Q,

where
C4 5

(
(1− α/Q)q − 1

)−1/q
q1/q(q′)1/p′ = (p′)1/q(q′)1/p′

.

Furthermore, from Lemma 4, for the validity of the inequality
(∫ ∞

0

( ∫ ∞

t
s

α/Q−1
f∗γ (s) ds

)q

dt

)1/q

5 C6

( ∫ ∞

0
f∗γ (t)p dt

)1/p

the necessary and su�cient condition is

sup
t>0

( ∫ t

0
ds

)1/q( ∫ ∞

t
s(α/Q−1)p′ ds

)1/p′

=
(
(1− α/Q)p′ − 1

)−1/p′ sup
t>0

tα/Q−(1/p+1/q) < ∞⇔ 1/p− 1/q = α/Q,

where
C6 5

(
(1− α/Q)p′ − 1

)−1/p′
p1/q(p′)1/p′ = p1/qq1/p′ .

By using these inequalities and applying equality (13) we obtain

‖Kα ⊗ f‖Lq,γ
5 C1(C4 + C6)‖f‖Lp,γ

.

2) Let p = 1, f ∈ L1,γ and 1− 1/q = α/Q. From (5) and (13) we get

‖Kα ⊗ f‖WLq,γ
= sup

t>0
t1/q(Kα ⊗ f)∗γ(t)

5 C1 sup
t>0

t1/q

(
tα/Q−1

∫ t

0
f∗γ (s) ds +

∫ ∞

t
sα/Q−1f∗γ (s) ds

)

= C1 sup
t>0

∫ t

0
f∗γ (s) ds + C1 sup

t>0
t1/q

∫ ∞

t
s−1/qf∗γ (s) ds

5 2C1‖f∗γ‖L1(0,∞)
= 2C1‖f‖L1,γ

.
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3) Let p = Q/α, and f ∈ Lp,1,γ . By using inequality (5) we have

‖Kα ⊗ f‖L∞,γ
= sup

t>0
(Kα ⊗ f)∗γ(t)

5 C1 sup
t>0

(
tα/Q−1

∫ t

0
f∗γ (s) ds +

∫ ∞

t
sα/Q−1f∗γ (s) ds

)

5 2C1

∫ ∞

0
s−1/p′f∗γ (s) ds = 2C1‖f‖Lp,1,γ

. ¤

In the following two lemmas we give the Lp,γ-boundedness of MΩ,α,γ and
IΩ,α,γ as corollaries of Theorem 3.

Corollary 4. Let 0 < α < Q, and Ω be homogeneous of degree zero on
Rn

k,+ and Ω ∈ LQ/(Q−α),γ(Sn−1
k,+ ).

1) If 1 < p < Q/α, f ∈ Lp,γ(Rn
k,+) and 1/p− 1/q = α/Q, then MΩ,α,γf ,

IΩ,α,γf ∈ Lq,γ(Rn
k,+) and

∥∥MΩ,α,γf
∥∥

Lq,γ
5

∥∥IΩ,α,γf
∥∥

Lq,γ
5 C2 K(p, q) ‖f‖Lp,γ

.

2) If p = 1, f ∈ Lp,γ(Rn
k,+) and 1− 1/q = α/Q, then MΩ,α,γf , IΩ,α,γf

∈ WLq,γ(Rn
k,+) and

∥∥MΩ,α,γf
∥∥

WLq,γ
5

∥∥IΩ,α,γf
∥∥

WLq,γ
5 2 C2‖f‖Lp,γ

.

3) If p = Q/α, f ∈ Lp,1,γ(Rn
k,+), then MΩ,α,γf , IΩ,α,γf ∈ L∞,γ(Rn

k,+) and
∥∥MΩ,α,γf

∥∥
L∞,γ

5
∥∥IΩ,α,γf

∥∥
L∞,γ

5 2C2‖f‖Lp,1,γ
.

Corollary 5. Let 0 < α < Q.
1) If 1 < p < Q/α, f ∈ Lp,γ(Rn

k,+) and 1/p− 1/q = α/Q, then Mα,γf ,
Iα,γf ∈ Lq,γ(Rn

k,+) and
∥∥Mα,γf

∥∥
Lq,γ

5
∥∥Iα,γf

∥∥
Lq,γ

5 C3K(p, q)‖f‖Lp,γ
.

2) If p = 1, f ∈ Lp,γ(Rn
k,+) and 1− 1/q = α/Q, then Mα,γf , Iα,γf ∈

WLq,γ(Rn
k,+) and

∥∥Mα,γf
∥∥

WLq,γ
5

∥∥Iα,γf
∥∥

WLq,γ
5 2C3‖f‖Lp,γ

.
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3) If p = Q/α, f ∈ Lp,1,γ(Rn
k,+), then Mα,γf , Iα,γf ∈ L∞,γ(Rn

k,+) and
∥∥Mα,γf

∥∥
L∞,γ

5
∥∥Iα,γf

∥∥
L∞,γ

5 2C3‖f‖Lp,1,γ
.

Note that Corollary 5 was proved in [1] for k = 1, and in [5] and [13] for
k = n by using other methods, but in these studies the constants were not
determined.

5. A sharp rearrangement inequality for the generalized fractional
B-maximal operator

The estimates obtained in Corollary 2 are not sharp. We will give a
sharp rearrangement estimate for MΩ,α,γf by using the methods given in [3]
in Lemma 7. Our departure point will be the following two estimates involv-
ing

(
MΩ,α,γf

)∗
γ
:

sup
t>0

τ1−α/Q
(
MΩ,α,γf

)∗
γ
(t) 5 C

∫

Rn
k,+

∣∣f(x)
∣∣(x′)γ

dx,(23)

if Ω ∈ LQ/(Q−α),γ(Sn−1
k,+ ), and

sup
t>0

(
MΩ,α,γf

)∗
γ
(t) 5 C sup

t>0
tα/Qf∗γ (t),(24)

if Ω ∈ Ls,γ(Sn−1
k,+ ), s > Q/(Q− α), where C depends only on Q and α.

Note that the estimate (23) follows from the second part of Corollary 4.
The proof of (24) follows from (15), (22) and Lemma 6. Indeed, for every
r > 0

1
rQ−α

∫

B(0,r)

∣∣Ω(y)
∣∣T y

∣∣f(x)
∣∣(y′)γ

dy 5 rQ/s

rQ−α

∫

B(0,r)

∣∣Ω(y)
∣∣

|y|Q/s
T y

∣∣f(x)
∣∣(y′)γ

dy

5 B

rQ−α

∫ |B(0,r)|γ
0

t−1/sf∗∗γ (t) dt,

where B = Q−1/s‖Ω‖Ls,γ(Sn−1
k,+ ). Note that,

f∗∗γ (t) =
1
t

∞∑

k=1

∫ 2−k+1t

2−kt
f∗γ (s) ds 5

∞∑

k=1

2−k f∗γ (2−kt)
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Then
1

rQ−α

∫

B(0,r)

∣∣Ω(y)
∣∣T y

∣∣f(x)
∣∣(y′)γ

dy

5 B

rQ−α

∫ |B(0,r)|
γ

0
t−1/s

∞∑

k=1

2−k f∗γ (2−kt) dt

=
B

rQ−α

∞∑

k=1

2−k/s

∫ 2−k
∣∣B(0,r)

∣∣
γ

0
t−1/s f∗γ (t) dt

5 B

rQ−α
sup
t>0

tα/Qf∗γ (t)
∞∑

k=1

2−k/s

∫ 2−k|B(0,r)|γ
0

t−1/s−α/Q dt

= B1 sup
t>0

tα/Qf∗γ (t)
∞∑

k=1

2−k(1−α/Q) = B2 sup
t>0

tα/Qf∗γ (t),

and (24) follows, where B1 = Bω(n,k,γ)1−α/Q

(1−α/Q−1/s) , and B2 = B1

21−α/Q−1
.

Observe that inequalities (23) and (24) amount to saying that the op-
erator MΩ,α,γ is bounded from L1,γ(Rn

k,+) to WLQ/(Q−α),γ(Rn
k,+), and from

WLQ/(Q−α),γ(Rn
k,+) to L∞,γ(Rn

k,+), respectively.
Lemma 7. Let 0 < α < Q, Ω homogeneous of degree zero on Rn

k,+, and
Ω ∈ Ls,γ(Sn−1

k,+ ), s > Q/(Q− α). Then there exists a positive constant C, de-
pending only on n, α and γ such that

(25)
(
MΩ,α,γf

)∗
γ
(t) 5 C sup

t<τ<∞
τα/Qf∗∗γ (τ), t ∈ (0,∞),

for every f ∈ Lloc
1,γ(Rn

k,+).
Proof. Fix t ∈ (0,∞) and let f ∈ Lloc

1,γ . We may assume that

(26) sup
t<τ<∞

τα/Qf∗∗γ (τ) < ∞,

otherwise (21) holds trivially. Then, by the Hardy�Littlewood inequality (15)
(see [7])

∫

E

∣∣f(x)
∣∣(x′)γ

dx 5
∫ t

0
f∗γ (s) ds
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for every set E ∈ Rn
k,+ with |E|γ 5 t. In particular, if we put E = {x ∈ Rn

k,+ :∣∣f(x)
∣∣ > f∗γ (t)}, then |E|γ 5 t, and so f ∈ L1,γ(E). Then the function

gt(x) = max{∣∣f(x)
∣∣ − f∗γ (t), 0} sgn f(x), x ∈ Rn

k,+,

belongs to L1,γ . Also, the function

ht(x) = min{∣∣f(x)
∣∣ , f∗γ (t)} sgn f(x), x ∈ Rn

k,+,

satis�es
(ht)

∗
γ(τ) = min

{
f∗γ (τ), f∗γ (t)

}
, τ ∈ (0,∞).

Hence,

sup
τ>0

τα/Q(ht)
∗
γ(τ) = max

{
sup

0<τ<t
τα/Qf∗(t)γ , sup

t5τ<∞
τα/Qf∗γ (τ)

}
(27)

= sup
t5τ<∞

τα/Qf∗γ (τ) 5 sup
t<τ<∞

τα/Qf∗∗γ (τ),

which, together with (26), implies that ht ∈ WLQ/α,γ(Rn
k,+). Furthermore,

since f = gt + ht, and

(28) (gt)
∗
γ(τ) = χ(0,t)(τ)

(
f∗γ (τ)− f∗γ (t)

)
, τ ∈ (0,∞),

using (16), (23), (24), (28) and (27), we get
(
MΩ,α,γf

)∗
γ
(t) 5

(
MΩ,α,γgt

)∗
γ
(t/2) +

(
MΩ,α,γht

)∗
γ
(t/2)

5 C

(
(t/2)α/Q−1

∫

Rn
k,+

gt(y)(y′)γ
dy + sup

τ>0
τα/Q(ht)

∗
γ(τ)

)

5 C

(
tα/Q−1

∫ t

0

(
f∗γ (τ)− f∗γ (t)

)
dτ + sup

t<τ<∞
τα/Qf∗∗γ (τ)

)

5 sup
t<τ<∞

τα/Qf∗∗γ (τ),

and the inequality (25) follows. ¤
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