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Abstract. We introduce the generalized fractional integrals (generalized B
fractional integrals) generated by the Ap Laplace Bessel differential operator
and give some results for them We obtain O’Neil type inequalities for the B
convolutions and give pointwise rearrangement estimates of the generalized B
fractional integrals Then we get the L, . boundedness of the generalized B
convolution operator, the generalized B Riesz potential and the generalized frac
tional B maximal function Finally, we prove a sharp pointwise estimate of the
nonincreasing rearrangement of the generalized fractional B maximal function

1. Introduction and statement of main results

The potential type integral operators have an important place in the the
ory of harmonic analysis and partial differential equations The potentials
and related topics associated with the Bessel differential expansion
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have been research areas for many mathematicians such as B M Levitan [11],
B Muckenhoupt and E M Stein [15], I A Kipriyanov [8], L. N Lyakhov
[13], K Stempak [19], A D Gadjiev and I A Aliev [1], A Serbetci and
I Ekincioglu [17], V S Guliyev [6] and others

In this paper we realize some estimates of the generalized B fractional
integrals generated by the generalized shift operator of the form (see [9, 11,

13])
TV f(x @w/ /‘ =) dv(a),
where
k
e D0 +1)/2)
Cry=m2 [ —=——LL (wi,90),, = \/22 — 2z cos a; + 42,
7 Zl_Il ['(7i/2) ( o \/
1< <k,
k
@y, = ((3317 yl)ap vy (g yk)%) and dr(« H sin” ! o dov,
=1
1<k<n.

Note that the generalized shift operator TY is closely related to the Ap
Laplace Bessel differential operator

AB_ZB+ Z 62,
i=k+1

and generates the corresponding B convolution

(f®g)(x)= Fy)Tg(x) (v') dy.

n
Rk,+

Let R} . be the part of the Euclidean space R" of points x = (x1,...,2,)
defined by the inequalities 21 >0,...,2, >0, 1Sk <n We write z =

(' 2"), o' = (21,...,21) ERF, 2" = (2441,...,2,) €ER"F  and define
Bler) = {y € R i ool <r} S} = {a € RE 2 ol = 1), (7)) =a!
-al®, where v = (1, .. ,'yk) is a multi index consisting of fixed positive

numbers such that |y| =1+ ---+v, For any measurable set F C R} o
define |E| = fE 2')7 dz, then ’B (0,7 | = w(n, k,7)r?, where w(n,k,)
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THE LAPLACE BESSEL DIFFERENTIAL OPERATOR 203

Denote by Ly, = Ly (R}, | ) the set of all classes of measurable functions
f with the finite norm

1/p
s, = ([ @@y a) ™ 1sp<s

k,+

If p = 0o, we assume
Loy = Locy(Bi ) = Loo(RY,) = { £ If ., = esssup| f(x)] < oo},
’ xeRZﬂL

In order to state the main results we define the generalized fractional
B maximal function by

r>0 T

1) Moo f@) = s | o 2T 7@ 0

the generalized B Riesz potential by

Q(y)

oa TV f(@)(y')" dy,
r |yl

2) s (@) = |
R
and the generalized B convolution operator by

(3) (Ko ® f)(z) = Ko(y)T? f(2)(y/)" dy,

n
RkﬂL

where 0 S a<Q,Q=n+]y], Q€ LSW(SZ:), s 2 1 and K, belongs to the
weak Ly space WLg/(q—a)~(RE ;)

The aim of this paper is to obtain O’Neil type inequalities for the B
convolutions, and Ly~ boundedness for Mg o, I0ay and Ko ® f In the
case =1, V S Guliyev [6] has firstly introduced and investigated the
(Lp,, Lg~) boundedness, 1 <p < ¢ < oo and 1/p —1/q = a/Q, of the frac
tional B maximal function M, , andI A Alievand A D Gadjiev [1], L N
Lyakhov [13] and V' S Guliyev [6] have shown the (L, -, Lq~) boundedness,
l<p<g<ooand1l/p—1/q=a/Q, of the B Riesz potential I, ~ recently

The following three theorems are our main results In Theorem 1 we get
the O’Neil type inequality for the B convolutions In Theorem 2 we obtain
a pointwise rearrangement estimate of the generalized B convolution opera
tor Ko ® f Finally, in Theorem 3 we show the validity of a Sobolev type
inequality for K, ® f
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204 V S GULIYEV,Z V SAFAROV and A SERBETCI

THEOREM 1 Let f, g be two positive measurable functions on Ry + Then
for all t > 0 the following inequality holds:

t [e'e)
() (Fog s cm( (1) /0 g dus [ g ) du).
t
THEOREM 2 Let Ko € WL @-a)4(Ri ), 0 <a<Q Then

(5) (Ko ® f)5(t) = (Ko ® f)77(t)
<Oy (ta/Ql /O fi(s)ds + /t s (s) ds),

where C7 = Ck,'y(Q/a)Q”KaHWLQ/(Q,aM
THEOREM 3 Let 0 <a <@, Ko € WL/ g-a)y(Ry,), and 1=p=

Q/a
DIf1<p<Qfa, f€Lpy(Ry,) and 1/p—1/q=0a/Q, then Ko ® f
€ Lqﬁ(RZ#) and

|Ka® fll, < CiE@.a)Ifl, .

where
K(p,q) = (0947 + )" )Y, o =p/p—1).
2) If p=1, f € Lp,(R} ) and 1 —1/q = a/Q, then
Ko® feWLgy(Ry )

and
1Ko ® Fllws, , < 2611fl, -

3) If p=Q/a, K, is homogeneous of degree o — Q on Ry ., and f €
Lp1y(RE ), then Ko ® f € Loo (R} ) and

1Ko ® fll,. . <2C0fll, ..

where ijlﬁ(RZ#) 1s the Lorentz spaces with finite norm

£, . = | £

L1(0,00)"

REMARK 1 Note that, for Ko (z) = |2|*" and p = Q/a, there exists a
function f € Ly, 4 such that (Ko @ f)(z) = oo for all x € R} ,
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THE LAPLACE BESSEL DIFFERENTIAL OPERATOR 205

2. Auxiliary lemmas

For the generalized shift operator TY the following two lemmas are valid
LeMmmA 1[12] Let f € LyA(RE L), 1=p=oc Then for ally € R} ,

Y£(. <
©) IO, <1l
LEMMA 2 For any measurable set A= (A", A") CRp , A'= Ay x ... %
Aj, € (0,00)F, A7 C R and for any y € R}, the following equality holds:
(7)

[y de =i [ (R ) dute )
v,0)+

where (x,0) = (2,0,...,0), 2/ = (Z1,...,%k), du(z,2') = ?’Y—ldzd?, dz! =
——

k times
dzy - - - dzy, 7 = EYl_l - ?Z’“_l, (2,2)) € Ry, x (0, 00)®, m; = sup A;, i =
L.k, A= ((=mi,mq) x [0,m1) x ... x (—mg,my) x [0,my)) x A”
The proof of Lemma 2 is straightforward after applying the substitutions
2 =2" zi=wmxjcosq;, Z =xisinay, 0Z ay<m, i=1,....k,
(8)

7= (... %), (2.7) €RY, x (0,00)".

We need the following two generalized Hardy inequalities (see [14]) which
are to be used in the proof of Theorem 3

LEMMA 3 Let 1 Sp < q = o0 and let v and w be two functions measur

able and positive a e on (0,00) Then there exists a constant C' independent
of ¢ such that

) ( I (/ o(s) ds)qwu) dt) " o [" ety ) "

if and only if

(10) K = sup (/Toow(t) dt)l/q</orv(t)1p/ dt)w < 00,

where p+p' = pp’  Moreover, if C is the best constant in (9) and K is defined
by (10), then

(11) K= C=skpgk.
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Here the constant k(p,q) in (11) can be written in various forms For example

(see [16])
k(p.q) = 1) or k(p.g) = 47(d)"" or
k(p,q) = (1+q/p) /(140 /q) 7.

LEMMA 4 Let 1 S p < g < oo and let v and w be two functions measur
able and positive a e on (0,00) Then there exists a constant C' independent

of @ such that

0 00 q 00 1/p
(12) / (/ ©(s) ds) w(t)dt §C’(/ o(t)Pu(t) dt)

0 t 0
if and only if

r 1/q 0o , 1/p'
Ky = sup (/ w(t) dt) (/ v(t)' P dt) < 0.
r>0 0 r

Moreover, the best constant C in (12) satisfies the inequalities K < C

< k(p, q) K1

Now we define the 7 rearrangement of a measurable function Let f :
R} . — R be a measurable function Then the  rearrangement of f in de

1/q

creasing order is defined by

f1(t) = inf{s >0: fiqy(s) S t}, Yt € [0, 00),

where f, - is the 7 distribution function of f defined by
fer(s) = ‘{aﬁ ERY, ¢ |f(x)] > 3}‘7.
Some properties of v rearrangements of functions are given as follows (see

[7, 18]):
1) if 0 < p < o0, then

(13) L 1@y = [ (50" a

n
k,+

2) for any t > 0,

(14 s [ 1@ @) de= [ s

|B|, =t
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(15) | f(2)g(x)| (2)" do < N f5(t)g(t) dt
7 0

k,+

(16)  f5(fen(s)) S5, (fen(s) <00)i fin(f(1) St (f5(t) < o0);

Denote by WLy, = WLy, (R ) the weak L, space of all measurable
functions f with the finite norm

1w, = iugtl/pf:(t) <oo, 1=p<oo.
>

t
The function f** on (0,00) is defined by f**(t) =1 [ f*(s)ds, t > 0, and
0
the following inequality holds (see [7]):
(f +9)57 () = £77(t) + 957 (1)

In the following lemma we give a relation between the generalized shift
operator TY and the ~ rearrangement of the function f

LEMMA 5 For any measurable set A C Ry, and y € Ry | the following
equality holds:

(17) sup / TY| f(x)] (2) da = C;m/o fi(s)ds

Al =t ] A

PROOF By Lemma 2 we have

(18) /A TY) £(2)| (') da = Ci / 177 dulz, 7,

(y,0)+.A

where f(z,2’) (\/21 +zl,...,w/z,% —l—fi,z”) For the function f(z,2’)

the analogue of the equality (14) is valid (see, |7]):
t
(19) swp [ |7 dut ) = [ (Do) ds,
p(A)=t J A 0

where (7):(5) = inf {t >0: ,U,({ (z,2): | f(z,2)] > t}) < 5}
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Note that z( (y,0) +A) = |Al, and (?):(S) = f5(s) From the equalities
(18) and (19) we have

sup / Ty’f(x)‘ (2)" dz = Cy, sup / B |f(z,?)‘ du(z,2')
|A|,=tJ A p(A)=tJ (y,0)+A

t t
— Cp. /0 (F)i(s) ds = C. /0 fi(s)ds. O

LEMMA 6 Suppose that ) is homogeneous of degree zero on Ry + Qe
LSN(SZ:), 1< 5= 00, and

Q(x)
g(z) = 5
\m|Q/
Then g € WLs,fy(RZ,JF) and
_ n-1/s
(20) lollwr,, =@ Iy, s

PROOF 1t is not hard to see that

g*,’Y(t) = QilHQ”SLSW(SZ:Ll) tfsv
gf;(t) = (Qt)_l/S”QHLs,«,(SZ;1)7 and gj;*(t) = s/ gf:(t).

Then g € WL, and the equality (20) is valid O
REMARK 2 From Lemma 6 it can be easily seen that for 0 < o < @,

j2|*79 € WLg/@-a), and || ‘$|Q_QHWLQ/(Q_QM = w(n k)9,
gﬁ;ﬂ € WLq/Q-a)n
and
Qx —a
mé_)a WLQ/(Q-a)n ) Qa/QilHQ||§c/z(/?Q—a)m(SZ,11)'

Note that the inequality

(21) MQ,a,'yf(x) § I\Q|,a,7(|f|) (x)

Acta Mathematica Hungarica 119, 2008



THE LAPLACE BESSEL DIFFERENTIAL OPERATOR 209

is valid Indeed, for all » > 0 we have
|2(y)]

Totaa (1) @ 2 [ o e T 0 dy

1 Ny
> i [, oIl )

Taking supremum over all 7 > 0, we get (21)

3. An O’Neil type inequality for B-convolutions

PrOOF OF THEOREM 1 Note that the methods of proof used here are
closer to that in [10] We choose a measurable set £, t > 0, such that

{x eRy - | f(z)] > f;(t)} CE C {x eRy | f(2)] 2 f;‘(t)}
Set
fi(@) = (f(@) = f50)) xz.(2),  fo(2) = f(2) = fi(@).

For any measurable set A in R} | with measure [A[ = {, we have

[eem@ed= [ i) dy [ T d
A R} , A
Hence from Lemma 2, we obtain

/A (9 f)(@)() da < Cys / g5 (u) du /R A dy

t
S Cry /0 95" (u) du Ay dy

n
RkHr

t
=i ( [ 1wy ar-e0) [
Thus from (14) we have

wo 0= s [ @on), @) e
< G (70 = £50) [ 77w
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Next, estimate (¢ ® fz):* (t) By using Lemma 5 and equality (14), we get

(22) (T'9(@)(s) £ (T'9(@) 7 (5)
-l /A TVg(2)(y')" dy = Chng(s).

S |4l =s

Hence from (15) we obtain

09 P S [ 30 (To@) 0 du < Oy [ () 00 () du

= (£50) [ gy dus [ o).

Finally, from (14) we get

t 0
(09 170 = 0o (£0) [ g7 @aut [ ey wan). ©
t
PROOF OF THEOREM 2 Let K, € WLQ/(Q,O(M Then we have

(Ka)5(0) S 1Kallwrg, g, 197"

a),y

and

kok Q (8% -
(Ka)y" (1) £ “Kallwig, g0, 9"

By using inequality (4) we get the inequality (5) O

COROLLARY 1 Suppose that ) is homogeneous of degree zero on RZ7+ and
Qe LQ/(Q,QM(SZ;l), 0 <a<@Q Then for the generalized B Riesz potential
the following inequalities hold:

(Toayf) ) < (Ioaqf) ()

<cafmot [ s [Tt as),
0 t

where 02 - Ck,'y 0572 Q1+a/QHQHLQ/(Qfa),»y(SZ;l)}

@-)/@
_ 2/(@-a)
195y oty = < /S 19(2) da(:v)) |

n—1

k,+

From Corollary 1 and inequality (21) we get the following rearrangement
inequalities for the generalized fractional B maximal function Mgq o~ f:
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COROLLARY 2 Suppose that ) is homogeneous of degree zero on Ry +
and Q) € LQ/(Q—a),y@Z?); 0 <a<Q Then the following inequalities hold:

(Mﬁlowf) ;(t) = (Mﬂﬂmf) :*(t)

< (t“/Q_l/tfj(s) ds—I—/oo /1 p3(s) ds>.
0 t

COROLLARY 3 For the B Riesz polential

Tonf(z) = /R T¥2* Cf () () dy, 0<a<Q,

n
k,+

the following inequalities hold:

t 00
(Lanf) (1) < (Ia,,yf):*(t)§03<ta/‘91 /O fi(s)ds+ /t sa/Qlf;(s)ds>,

where C3 = Ci,(Q/ ) w(n, k) @~/@

4. The boundedness of the generalized B-fractional integrals based
on rearrangement estimates

PrOOF OF THEOREM 3 1) Let 1 <p < Q/a, f € Ly (R} ;) and 1/p —
1/¢ = a/Q By using the inequalities (5) and (13) we get

1Ka @ fllz,, = | (Ea @ P 1000

oo t q 1/q
ga(/ ﬂwgﬂ(/fm@@)dg
0 0
+Cl</0 (/t Sa/Qflfj;(s) ds)th>

From Lemma 3, for the validity of the inequality

[ t q 1/q %) 1/p
(a/Q-1) *(s) ds < * 7\ D
(/0 ol ([ psyas) dt) <o [ rera)
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the necessary and sufficient condition is

00 1/q t 1/p'
sup </ s2(a/Q=1) ds) </ ds)
t>0 t 0

= ((1=a/@)q~ 1) sups/@ 1D < o0 5 1/p 1/ = a/Q,
>

where
Cy < ((1—a/Q)q—1) MgV ug)" = () 2(g)"/"".

Furthermore, from Lemma 4, for the validity of the inequality

([ (7 mmsye) s )’

the necessary and sufficient condition is

t 1/q 00 , 1/p
sup </ d8> </ sle/Q@=1p ds)
t>0 \ Jo t

= ((1—a/Qp —1) 77 sup¢*/@=AH <00 & 1/p ~ 1/ = a/Q,

where
Co < ((1—a/Q)pf — 1) P plag) /" = pl/aghiv'.

By using these inequalities and applying equality (13) we obtain
1K fll,, < CL(Ci+ Co)lfl,
2)Letp=1, fe Liyand 1 —-1/¢g=a/Q From (5) and (13) we get

1Ko @ fllyy, . =supt/U(Kq @ £)5(t)
T >0

t 00
< Cysupt/ (ta/Ql /0 f1(s)ds + /t sa/Qflff;(s) ds)

t>0

t 00
=0 sup/0 f3(s)ds + Cysup tl/q/ sfl/qf,’;(s) ds

t>0 t>0 t

< 201“fs||L1(0,oo) =2C1If Il -
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3) Let p=Q/c, and f € L1, By using inequality (5) we have

1Ko ® fllg. . =sup (Ko ® f) ()
T >0

t 00
< Oy sup (WQ—I | s+ [ sa/Q—lfﬂs)ds)
0 t

t>0
<20, /0 sV f(s)ds = 2¢u||f,, . O

In the following two lemmas we give the L, , boundedness of Mq .~ and
I o as corollaries of Theorem 3

COROLLARY 4 Let 0 < a < Q, and §2 be homogeneous of degree zero on
R} and Q€ Lgj@-a)H(Si3)

DIfl<p<Qla, fe LPVW(RZA_) and 1/p—1/q=a/Q, then Mg~ f,
Iganqf € Lq,'y(RZ,+) and

| Mo,aq f| Loy = | Io,am f]| Ly, = Co K a) [ fllz, .,

2) If p=1, f€Lp,(RE ) and 1 —1/q=a/Q, then Mo o~f, Ioanf
€ WLy~(RE ) and

HMQ,aﬁfH WiLqn = HIQ@NJCH WiLqn = QCQHJCHLp,v'
3) ]f p= Q/Oé, f S Lp,l,'y(RZ7+); then MQ,a,'yf; IQ,a,’yf € Looq(RZ,+) and
H Mﬂva,foLom = H IﬂvaﬁfHLOM aS 202||f||L,,,1,7'

COROLLARY 5 Let0<a <@
D If 1<p<Qa, f€LpyRy ) and 1/p—1/q=a/Q, then Ma,f,
Ionf € Lgny(RE ) and
[ Manfll, = Hanfll,, = CsK@aflL,,

2) If p=1, fe€Lp,(RE,) and 1 —1/q=0a/Q, then Mo f, Inyf €
WLqnRE ) and

1Mol < oLy, < 2G50l
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3) If p=QJ/a, f € Lp1y(RE ), then Moy f, laqyf € Looy(Ry ) and

[ Moot <l <2Cs011,

P17y

Note that Corollary 5 was proved in [1] for £ =1, and in [5] and [13] for
k = n by using other methods, but in these studies the constants were not
determined

5. A sharp rearrangement inequality for the generalized fractional
B-maximal operator

The estimates obtained in Corollary 2 are not sharp We will give a
sharp rearrangement estimate for Mq o, f by using the methods given in [3]
in Lemma 7 Our departure point will be the following two estimates involv

ing (Mgﬂ,ﬁ,f) 2:

(23) sup7T~ O‘/Q(Mgaﬁf <C’/ ‘f

t>0

if Qe LQ/(Q*a)v’Y(SZ;})’ and

(24) sup (Moo f) () < Csupt*/ 2 f3(1),
>0 >0
if Qe LSW(SZ;}), s> Q/(Q — ), where C' depends only on @ and «

Note that the estimate (23) follows from the second part of Corollary 4
The proof of (24) follows from (15), (22) and Lemma 6 Indeed, for every
r>0

1 R Q)] e
[ 10T @I 6 < o [ L sl W) d

B [B(0r)],
rQ-a

A

S (L) dt

0

where B = Q™ 1/5||QH e Note that,

2~ k“t

2/2 ds<22_kf
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Then

1 /
[, [T @] ) dy

[IA

B |B(07T)|A’ —1/s . —k pxro—k
e /0 ey "ok ek dt
k=1

B X iy 2*k‘ B(O,T)}’Y 1/s pn
= o= Z 2 S/o tHE f () dt
k=1

A

oo 27FB(0,r)]
s sl Y2 [ 1/5-a/Q gy
t>0 —1 0

o0
= By sup to‘/Qf;k (t) Z 9~ k(1-2/Q) — By sup ta/Qf;(t)a
£>0 — >0

—a/Q
and (24) follows, where By = %, and By = 21_5%

Observe that inequalities (23) and (24) amount to saying that the op
erator Mg o~ is bounded from Ly (R} ) to WL g-a),(R ), and from
WLQ/(Q_QM(]RZHF) to LOOW(RZ,+)7 respectively

LEMMA 7 Let 0 < o < Q, €2 homogeneous of degree zero on Ry ., and
Oe Ls,v(SZ:); s> Q/(Q —«a) Then there exists a positive constant C, de
pending only on n, o and v such that

(25) (Maaqf) (8) S C sup 79/9f"(r), € (0,00),

t<T<00

for every f € Llfg(]RZJr)

ProOOF Fix t € (0,00) and let f € Lllog We may assume that

(26) s 2L () < o,

otherwise (21) holds trivially Then, by the Hardy Littlewood inequality (15)
(see [7])

[lsely o< [ rds
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for every set E' € R} | with |E]7 <t In particular, if we put E = {x eERy -
| f(z)| > f;‘(t)}, then |E| =t and so f € L1,(E) Then the function

gt(x> :max{‘f(x)‘ —f:(t),O}sgnf(x), .%'GRZ7+,

belongs to L1, Also, the function

hi(x) = min{‘ f(x)

,f;(t)}sgnf(a:), .’EER};_’_,

satisfies
() () = min { f5(7), f5()}, 7 € (0,00).

Hence,

(27) sup Ta/Q(ht):(T) = max{ sup Ta/Qf:(t)v sup Ta/Qf:(T)}
>0 o<r<t t<r<co

= sup t9f(7) < sup TVOL(r),
t<7<00 t<T<oco

which, together with (26), implies that hy € WLg/a (R} ) Furthermore,
since f = g; + hy, and

(28) (96)5(T) = X (N (f3(7) = (1), 7 €(0,00),
using (16), (23), (24), (28) and (27), we get

(Moo £) 1) < (Maangn) (t/2) + (Moo hi) (t/2)

<20 [ ) dy+supr ;)

Z,+ >0
t
< C(ta/ Q-1 /0 (£3(0) = £5(0) dr+ sup 2/ Qf$*<7>>

< sup TCL(r),
t<T<00

and the inequality (25) follows O
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