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Let K = [0, oo) x R be the Laguerre hypergroup which is the fundamental manifold of the radial function
space for the Heisenberg group. In this paper we obtain necessary and sufficient conditions on the parameters
for the boundedness of the fractional maximal operator on the Laguerre hypergroup from the spaces L , (K)
to the spaces L, (K) and from the spaces L1 (K) to the weak spaces W L, (K).
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1. Introduction

In this paper we define the fractional maximal function using harmonic analysis on Laguerre
hypergroups which can be seen as a deformation of the hypergroup of radial functions on the
Heisenberg group (see, for example [1,5,7-9]) and we study the fractional maximal function on
the Laguerre hypergroup. We obtain the necessary and sufficient conditions for the boundedness
of the fractional maximal operator on the Laguerre hypergroup from the spaces L, (K) to the
spaces L, (K) and from the spaces L;(K) to the weak spaces W L, (K).

The paper is organized as follows. In Section 2, we give the main result on the boundness
of the fractional maximal function on the Laguerre hypergroup. In Section 3, we present some
definitions and auxiliary results. In Section 4, we give polar coordinates in Laguerre hypergroup
and some lemmas needed to facilitate the proofs of our theorems. The main result of the paper
is the boundness of the fractional maximal operator on the Laguerre hypergroup, established in
Section 5. We prove the boundedness of the fractional maximal operator from the spaces L , (K) to
L,(K),1<p<Qua+4)/B,1/p—1/q = B/2a +4) and from the spaces L (K) to the weak
Lebesgue spaces WL, (K), 1 —1/g = B/(2a + 4) and from the spaces L (2¢+4)/8(K) to Lo (K).
‘We show that the conditions on the parameters ensuring that the boundedness cannot be weakened.
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2. Main result

Leta > 0 be a fixed number, K = [0, co) x R and m, be the weighted Lebesgue measure on K,
given by

x2+dxde

—7 a 2

al'(a+1)

For every 1 < p < oo, we denote by L,(K) = L,(K;dm,) the spaces of complex-valued
functions f, measurable on K such that

dmy(x,t) =

1/p
”f”L,,(]K) = (/]K|f(X,l)|p dma(x,l‘)> <oo if pefl, 00,

and

Il fIlL. ) = esssup|f(x,t)| if p=oo.

(x,nekK

For 1 < p < oo we denote by WL ,(K), the weak L ,(K) spaces defined as the set of locally
integrable functions f(x, t), (x, t) € K with the finite norm

1/ ey = sup 7 (ma (1) € K - |f(x,0)] > rh'/P.

Let |(x,!)|x = (x* 4+ 4tH)1/4 be the homogeneous norm of (x,t) € K. For r > 0 we will
denote by §,(x, t) = (rx, r’t) the dilation of (x,?) € K, and by B, (x, t) the ball centered at
(x, t) with radius r, i.e., the set of B, (x,t) = {(y,s) e K: |(x —y,t — s)|g < r}, and by B, the
ball B, (0, 0).

We denote by

fr(x’ t) = r_(2a+4)f (Sl/r(xv t))
the dilated of the function f defined on K preserving the mean of f with respect to the measure
dmy,, in the sense that

/ fr(x, t)ydmgy(x, t) =/ f(x, t)dmy(x,t), Vr>O0and f e L;(K).
K K
For (x, 1), (v,s) e Kand 0 € [0, 2x[, r € [0, 1] let
((x, 1), (v, 8)o., = ((x2 + y? + 2xyr cos 9)1/2 ,t+ s+ xyrsin 9) )
The generalized translation operators T(( 2) on the Laguerre hypergroup are given for a suitable

function f by

1

g ST (), (3 $))e) 46, ifa =0,

T f(y.s) =
- fo ( (((X 1), (y,5))s, r) d9) r(1 —r?»*"dr, ifa > 0.

Now on the Laguerre hypergroup we define the fractional maximal function by
Myf(x.t) = sup(maB,)(“/z“*“H/ T f (. 9)ldme(y.5), 0<p <2a+4.
r>0 B,

If B =0, then M = M, is the Hardy-Littlewood maximal operator on the Laguerre hypergroup
(see [5)).
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In ref. [5] the following theorem was proved.

THEOREM 1

(D) If f € Li(K), then Mf € WL, (K) and

IMfllwe,y < Cill fll,®)s

where Cy > 0 is independent of f.
Q) IffeLy(K), 1< p<oo,then Mf € L,(K) and

IMfllL,x < CallfllL,x)),

where Cy > 0 is independent of f.

COROLLARY 1 If f € Ly (K), then

. 1 (a)
tim e [T 009 = s a9 =0

fora.e (x,t) € K.
For the fractional maximal operator My the following theorem is valid.

THEOREM 2 LetO0O < f <2a+4,1/p—1/g=B2a+4 1< p <2a+4/p.
M) Ifp=1, feLi(K) thenforall® >0
C; a
dmg(x, 1) < | — | |f(x, DOldme(x, 1)) , )]
()€K Mg f (x.1)>6) 0 Jk

where Cj is independent of f.
(2) Let1 < p <20 +4/B, f € L,(K), then Mg f € L,(K) and

1/q 1/p
( / (Mﬁf(X,f))qdma(x,f)> <c ( / |f<x,r)|f’dma<x,r>) , )
K K

where Cy is independent of f.
(3) Let p=2a+4/B, f € L,(K), then Mg f € Loo(K) and

1/p
sup Mpf(x,1) <Cs (/Klf(x,t)lpdma(x,t)> , 3

(x,n)eK

where Cs is independent of f.

The following theorem is our main result, in which we obtain the necessary and sufficient
conditions for the fractional maximal operator Mg to be bounded from the spaces L ,(K) to
L,(K),1 < p < g < oo and from the spaces L (K) to the weak spaces WL, (K), 1 < g < oo.

THEOREM 3 LetO0 < B <20 +4and1 < p <20 +4/B.

(1) If p=1, then the condition 1 —1/q = B/2a + 4 is necessary and sufficient for the
boundedness of Mg from L|(K) to W L,(K).

) If1 < p <2« +4/B, then the condition 1/p — 1/q = B/2a + 4 is necessary and sufficient
for the boundedness of Mg from L ,(K) to L,(K).

(3) If p =2a +4/B, then Mg is bounded from L ,(K) to L (K).
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3. Preliminaries

Consider the following partial differential operators system:

ad
D= —,

at

92 2 10 32
D, = at10 | e

T T x ax
(x,1) €]0,00[xR and « € [0, ool.
For « =n — 1, n € N \{0}, the operator D, is the radial part of the sub-Laplacian on the
Heisenberg group H,.
For (A, m) € R x N, the initial problem

Diu = i\u,

1
Dru = —4|A| (m+a;_ )u;

9
w(0,0) =1, 8-”(0,;):0 forall e R,
X

has a unique solution ¢, , given by
Gm(x, 1) =MLY (M%), (1) €K,
where £@ is the Laguerre functions defined on R, by
L (x) = e LY () /LY (0)

and L is the Laguerre polynomial of degree m and order o (see [1]).
For f € L;(K) the Fourier-Laguerre transform F is defined by

FHO,m) = /Kfﬂ—,\.m(x,t)f(x,l)dma(x,t)

such that

IF N Lwm < 1l
(see [1,8]).

The generalized translation operators T(i 3) on the Laguerre hypergroup satisfy the following
properties (see [1,8])

T f(rs) =TS foe ), T f(y.s) = f(y.s).
||T(X,f)f||L,,(K) < Iflle,x forall feL,(K), 1=<p=oo, 4)

FTELF)Om) = FHR,m) @rm(x, 1).
The translation operator T((X“i) is defined by

T f(y,8) = / F@ ) Wal(x, 1), (v, 5), (2, )22 dzdv,
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where dzdv is the Lebesgue measure on K, and W, is an appropriate kernel satisfying

/ Wo((x, 1), (v, 5), (z, V)2 dzdv = 1

K

(see [7]). For all (A, m) € R x N, the function ¢, _,, (x, t) satisfies the following product formula
P D) G (3, 8) = T (V. ).

By using the generalized translation operators T((x“;), (x,1) € K, we define a generalized
convolution product * on K by

(B *8r0)) (F) = TEH F (3. 5).

where §(, ;) is the Dirac measure at (x, 7).
We define the convolution product on the space M (K) of bounded Radon measures on K by

(1 *v)(f) = f T f (v, 9)du(x, Ndv(y, 5).
KxK
Ifu=h-myandv = g - m,, then we have

wxv=(h*g) -my, with g(y,s) =gy, —s),

where, & and g belong to the space L{(K) of the integrable functions on K with respect to the
measure dm (x, t), and & * g is the convolution product defined by

(h# g)(x.1) = fK Ty, ) 80y, —s)dma(y,s), forall (x,1) € K.

Note that, for the convolution operators the Young inequality is valid: If 1 < p, r < g < oo,
1/p'+1/qg =1/r, f € L,(K), and g € L,(K), then f * g € L,(K) and

If*glle,m = IfllL,@ gl ) %)

where p’ = p/(p — 1).
(Mp(K), %, i) is an involutive Banach algebra, where i is the involution on K given by i (x, 1) =
(x, —t) and the convolution product * satisfies all the conditions of Jewett (see [2,6]). Hence
(K, *,7) is a hypergroup in the sense of Jewett and the functions ¢, ,, are characters of K.

If « = n — 1 is a non-negative integer, then the Laguerre hypergroup K can be identified with the
hypergroup of radial functions on the Heisenberg group H,,.

4. Polar coordinates in the Laguerre hypergroup and some lemmas

Let ¥ = ¥, be the unit sphere in K. We denote by w, the surface area of ¥ and by €2, its volume
(see [4,5]). For & = (x, t) € K, consider the transformation given by

x = r(cos (p)l/z, t = r?sin ®,

where —/2 < ¢ <7/2,r = |E|g and &' = ((cos ¢)'/?, sin@) € T.
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The Jacobian of the above transformation is 2**3(cos ). If f is integrable in K, then

/ fx, t)dmgy(x, t)
K

1 /2 00 .
T e+ D) / Fr(cos @)%, 1% sin @) 23 (cos p)*“drdg.
—m/2 J0

Since
1 /2

- cos)*dyp = | d€’,
271F(0[+1) —rr/2( (0) v /); E

we get
o0
/ f O, D)dme (x, 1) = / [ P2t £ (8,6 drds’. 6)
K = Jo
Here d&’ is the surface area element on X.

LEMMA 1 [4,5] The following equalities are valid

B M+ 1/2) B T(a+1/2)
T2 /Al + D@2+ 1)’ 7T dym@+2)T @+ D@2+ 1)

w2

2a+3

Note that for any x € K and r > 0, the area of the sphere S, (x, ) is r w, and its volume is

P2, = r2 4 (w, [2a + 4).

LEMMA 2 [4,5] The function f(x,t) = |(x,1t) |HX< is integrable in any neighbourhood of the origin
ifand only if A > —2a — 4, and f is integrable in the complement of any neighbourhood of the
origin if and only if A < —2a — 4.

X,

LEMMA 3 [5] For every (x,t), (y,s) € Kandr > 0 the function T((a;)xgr (y, 8) is supported in
§, (x, t) and the following inequality is valid

my B, (x, 1) < Csr™* M max(1, (x/r)**™},
mo B (x, 1) < Cer® max{1, (x/r)2**3),

where Er(x,t) ={(y,s)eK : |x—yl<r |t —s| <x(x+7r)}

5. Proof of Theorems 2 and 3

Proof of Theorem 2. The fractional maximal function My f (x, t) may be interpreted as a frac-
tional maximal function defined on a space of homogeneous type. By this we mean a topological
space X equipped with a continuous pseudometric p and a positive measure p satisfying

n(E(E,2r)) < Cou(E(E, 1)) )

with aconstant Cyindependentof&é andr > O.Here E(§,7) ={ne X : p&,n) <r}, p,n) =
& — n|. Let (X, p, 1) be a space of homogeneous type. Define

M, gf(x)= sul(:))M(E(,;%,r))—1+/3/20'+4/(S [FIdu(n), 0< B <2a+4.
r> E&,r)

It is well known that the fractional maximal operator M, g is of weak type (I1,q),
1—-1/g = B/Qa +4) and is bounded from L, (X, u) to L,(X, ), 1/p —1/q = B/Qa +4)
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for 1 < p < Qa+4)/8 (see [3]). We shall use this result in the case in which X =K,
E=, 1), n=0,s) €K, p&, n) =max{|x — y|, (¢t — )%}, du(&) = dmy (x, t). It is clear that
this measure satisfies the doubling condition (7).

We will show that

Mg f(x,1) < CIMypf (x.1). ®)
From the definition of the generalized shift operator it follows that 7{,’ t) x8,(y, s) is supported

in B, (x,1).
Moreover, there exists a constant Cg such that

0< T xp,(y.s) <min {1, Cs (r/x)* 3}, ¥(y.5) € By(x,1). 9)

In the case x < r this follows from the simple inequality 0 < T, t) xB (y,8) < 1.
Then

Mg f(x, 1) = sup(mq B,)P/ G+ / T f (y, 9)Ixp, (v, $)dma(y, 5)

r>0

= (mgB,)P/e+97! f £ OITE) xB, (v, $)dma(y, 5)
K

= (g B/ ot / £ ITE) 1, (3, 5)dm (, 5).
B, (x,1)

Thus
Mgf(x,t) < Mygf(x,t) + Mypf(x,1),
where

My g f(x, 1) = sup(mg B, )P/t~ f T f (v, 9)ldma(y, 5),
B,

r=x

Mg f(x, 1) = sup(mg B,)P/ e+~ / T f (. 9)ldma(y, 5).
B,

r<x -

If r>x, then from Lemma 3 My B, (x,1) < Cer®™*, also myB, = Qr?*™* and
TX 1 XB, (y,s) < I1forall (y,s) € B (x, t). Thus yields

Mip fe, ) = sup n BP0 [ 9T 1m0
B, (x,t)

r=x

< Cosup(uB, (x, )P/ 4-1 / (0 $)Idi(y, $) = CoM, s £ (x, 1),
B(r0)

r>0

If r < x, then by Lemma 3 and (9) 1B, (x, 1) < Cerx2*3 and T o t)XB (v, ) < Cg(r/x)>+3
for all (y, s) € B,(x, t). Thus we have

r<x

Map Fe. 1) = sup n BP0 [ 9IT i 351y
B, (x,t)

~ Qotd)—1
< Ciosup (uB,(x, l))ﬂ/ B /N Lf (s )Idu(y, s) = CroMy g f(x,1).
B ()

r>0

Therefore we get (8), which completes the proof of parts (1) and (2).
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3)Letp =2a+4/B, f € L,(K), then applying the Holders inequality and the inequality (4)
we have

(1 B,/ o)1 / T 1 f (3, 9)ldma (3, 5)
B,

N

1/p
’ l)
< (maB,)ﬁ/(z‘”‘”*”l/p ([ (Té"f?ﬂf(y, s)|) dmgy (v, S)>
B,

= 1T fll,m < 1l

Theorem 2 has been proved. u

Proof of Theorem 3. The sufficiency part of the proof follows from Theorem 2.
Necessity. (1) Let Mg bounded from L (K) to WL, (K).
Define f;(x,t) := f(rx, r’t), then

1l a0 = r 2P0 fll, )
and
H Mg f; ” WL,(K) — ppratda ” Mﬂf” WL, (K) *

By the boundedness Mg from L;(K) to WL, (K)

[M5 £ i a0 =" [Mp fi

et 2a+4/q—Qa+4
< CrPRla| £, o) = O ecta=Catd o) oo

where C depends only on ¢ and «.
If 1 <1/q+ B/2a+4, then for all f € Li(K) we have |[Msf|,, =0 asr—0.

Similarly, if 1> 1/q + B/20 +4, then for all f e L;(K) we obtain |Mgf| Wi, =0
asr — 0o.

Hence we get 1 = 1/qg + B8/2a + 4.

(2)Letl < p <2a +4/8, f € L,(K) and assume that the inequality

[Mp £, ) < CNFIL, ) (10)

holds, where C depends only on p, g and .
We have

” My fr H LK) — pimaeia ” Mﬁf“Lq(]K)'
By the inequality (10)

+Qa+4/q)—(2a+4/p)
[M5 1], = CrPmee O flL .

If 1/p > 1/q + B/2a +4, then for all f € L,(K) we have |Myf|, @ =0asr—0,

which is impossible. Similarly, if 1/p < 1/q + /20 4 4, then for all f € L,(K) we obtain
“M,gf ||L ® = 0 as r — oo, which is also impossible.

Therefore, 1/p = 1/q + B/2a + 4.
Thus the proof of Theorem 3 is completed. ]
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