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INTEGRAL CHARACTERISTICS OF MAXIMAL
FUNCTIONS ON THE LAGUERRE HYPERGROUP

V. S. GULIYEV AND M. N. OMAROVA

ABSTRACT. In this paper we proof the boundedness of the maximal
operator on the Laguerre hypergroup from the spaces L1 (1 + Int L1)
to the spaces Lj.
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1. INTRODUCTION

In the theory of functions the shift operator f(x) — f(x + y) and the
connected with it techniques of Fourier analysis plays the important role.
Natural generalization of shift operator on R is the Delsart-Levitan gener-
alized [18] shift operator (GSO), particularly Bessel’s GSO which can be
constructed by arbitrary Shturm-Liouvill differential operator on R. Gener-
alized shift operators form one parametrical family, but nevertheless many
problems of harmonic analysis can be generalized if we use generalized shift
instead of ordinary ones.

The Hardy—Littlewood maximal function, fractional maximal function
and fractional integrals are important technical tools in harmonic analysis,
theory of functions and partial differential equations. The maximal func-
tion was firstly introduced by Hardy and Littlewood in 1930 (see [16]) for
functions defined on the circle. It was extended to the Euclidean spaces,
various Lie groups, symmetric spaces, and some weighted measure spaces
(see [6], [7], [21], [24], [25]). In the setting of hypergroups versions of
Hardy-Littlewood maximal functions were given in [4] for the Jacobi hy-
pergroups of compact type, in [5] for the Jacobi-type hypergroups, in [2]
for the one-dimensional Chebli-Trimeche hypergroups, in [23] for the one-
dimensional Bessel-Kingman hypergroups, in [8] (see also [9, 10, 11]) for
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the n-dimensional Bessel-Kingman hypergroups (n > 1), and in [12] for the
Laguerre hypergroups.

In the papers [13, 14] we obtain necessary and sufficient conditions on
the parameters for the boundedness of the fractional maximal operator and
the fractional integral operator on the Laguerre hypergroup from the spaces
L,(K) to the spaces L,(K) and from the spaces L;(K) to the weak spaces
W L,(K). In this paper we consider the Laguerre generalized shift operator,
by means of which are determined and investigated M f maximal functions.
The boundedness of M f maximal functions from space L;(1 + In" L) to
space L is proved. For Hardy-Littlewood maximal functions the analogous
result was obtained in [15].

2. MAIN RESULT

Let o > 0 be a fixed number, K = [0,00) X R and m,, be the weighted
Lebesgue measure on K, given by

2t dapdt
dma(z,t) = ————, > 0.
Ma(2,?) ml(a+1) “
For every 1 < p < oo, we denote by L,(K) = L,(K;dm,) the spaces of
complex-valued functions f, measurable on K such that

1/p
1,0 = ([ 15 0P amaten)) < oo it pe 100,
K

and

Hf”LOO(K) = ?Sssuﬂg|f(x,t)| if p=oo.

For 1 < p < oo we denote by WL,(K), the weak L,(K) spaces defined
as the set of locally integrable functions f(z,t), (x,t) € K with the finite
norm

17wz, ey = sup 7 .77

where f.(r) =mq {(z,t) €K : |f(z,t)] > r}.
Let |(x,t)|x = (z* 4 4t%)'/* be the homogeneous norm of (z,t) € K. For
r > 0 we will denote by d,(x,t) = (rz,r*t) the dilation of (x,t) € K, and
by By(z,t) = {(y,s) € K: |(x —y,t — s)[gk < r} the ball centered at (z,t)
with radius r, and by B, the ball B,.(0,0).
For (z,t), (y,s) € K and 6 € [0,2x[, 7 € [0,1] let
)

(=, 1), (y,8))o,r = ((,’E2 + 42 4 2xyr cos § t+s+ xyrsin 9) .
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The generalized translation operators T(; 35) on the Laguerre hypergroup
are given for a suitable function f by

L T F (@), (0.5))o) O, if =0,
T((;,i)f<ya S): 10
& (ST F ((@t), (0, 8))0.r) dB)r(1 = r2)>dr, if @ > 0.
0

Now on the Laguerre hypergroup we define the maximal function (see
[12]) by

Mf(a,t) = sup(maB,) " [T 1709 dma(y).
>0 s

In [12] the following theorem was proved.

Theorem 1. [12] 1. If f € L1(K), then M f € WL1(K) and

C
ma {(a,t) €Ki Mf(n,t) > 71 < 2 [f@lamatet). (1)
T
where C1 > 0 is independent of f.
2. If f e Ly(K), 1 <p < oo, then Mf € L,(K) and
1M fllz,x) < Collfllz,x)
where Cy > 0 is independent of f.
Corollary 1. If f € Lioc(K), then

lim

20 mo B /| Ty . ) = £ (. 1)] dma(y, s) = 0

for a. e. (x,t) € K.

The following theorem is our main result in which we proof the bounded-
ness of the maximal operator on the Laguerre hypergroup from the spaces
Li(1 +1In" L) to the spaces L.

Theorem 2. For any r > 0, and any measurable on K function f for
which supp f C B, the following inequality holds:

1M fllzis,) < C/If(w»t)l(l +Int | f(2,t)))dma(z,t) + ma(B),
B,

where C' > 0 is independent of f.
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3. PRELIMINARIES
Consider the following partial differential operators system:

, Dy 8t7
9 2 16 2 92
Dy = 5=+ a; + 275,

(x,t) €]0,00[xR and a € [0,00].

For « = n — 1, n € N \{0}, the operator D5 is the radial part of the
sub-Laplacian on the Heisenberg group H,.
For (A, m) € R x N, the initial problem

Diu = i),

Daou = —4|A| (m + <) u;

w(0,0) =1, 24(0,t)=0 forall teR,
has a unique solution ¢y ,, given by

oam(@,t) = eMLE) (IM2?), (2,t) €K

where ,65,? ) is the Laguerre functions defined on Ry by
L (x) = e *2LEY (2) /LG (0)

and L{ is the Laguerre polynomial of degree m and order o (see [1]).
For f € Li(K) the Fourier-Laguerre transform F is defined by

FOOm) = [ s, ) s t)imaz. 1)
K
such that
IF e < Nl )
(see [1, 20)).

The generalized translation operators T((;)t)

satisfies the following properties (see [1, 20])

T F(y,5) = T (. t), T Funs) = f(y,9),
HT((:v,t)f”Lp(K) < | fll, &) forall fe LK), 1<p< oo,
F(TL ) (Am) = F(H(Xm) oxm(a,b).

on the Laguerre hypergroup

The translation operator T((x )t) is defined by

:ct)f Y,s /f 2 ’U ) (y, ) (Z,’L}))Z2O‘+1dzdv,
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where dzdv is the Lebesgue measure on K, and W, is an appropriate kernel
satisfying

/Wa((x,t), (y, ), (2,v)) 22 dzdv = 1
K

(see [19]). For all (\,m) € R x N, the function ¢y m(x,t) satisfies the
following product formula

P (@,1) rm (Y, 5) = T oam(y, 5).

By using the generalized translation operators T (z,t) € K, we define

(z,t)?
a generalized convolution product * on K by

(Baty * 0y0)) (F) = T F(y,5),

where §(, 4 is the Dirac measure at (z,t).
We define the convolution product on the space My (K) of bounded Radon
measures on K by

(e () = [ T ) dte ) i)

KxK

If u=h-mg and v =g - m,, then we have

pwxv=(h*g) -meq, with g(y,s)=g(y,—s),

where h and g belong to the space L;(K) of the integrable functions on K
with respect to the measure dmg (x,t), and h* g is the convolution product
defined by

(h#*g)(x,t) = /T((gi)h(y, s)g(y, —s)dmq(y,s), forall (x,t) € K.
K

Note that, for the convolution operators the Young inequality is valid:
Fl1<pr<qg<ool/p+1/¢q=1/r, f € L,(K), and g € L,(K), then
f*gé€ Ly(K) and

1f gl @) < Wfllz, @) 1915, ) -

where p’ =p/(p —1).

(My(K), *,17) is an involutive Banach algebra, where i is the involution
on K given by i(z,t) = (x,—t) and the convolution product * satisfies all
the conditions of Jewett (see [3], [17]). Hence (K, *,1) is a hypergroup in
the sense of Jewett and the functions ¢ ., are characters of K. If a =n—1
is a nonnegative integer, then the Laguerre hypergroup K can be identified
with the hypergroup of radial functions on the Heisenberg group H,,.
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4. SOME LEMMAS

Let’s note that the first part of the Theorem 1 is possible to be amplified.
Namely, it is valid

Lemma 1. Let ¢ € (0,1),C3 = C1/(1 — €), then for any 7 > 0 the
following inequality is valid
C
molm) KM@= <2 [ e ldma(eo).
{(z,t)eK:| f(z,t)|>eT}
Proof. For e = 0 this is inequality (1). For 0 < & < 1 let’s determine f1(z,t)
so:
_ | f@t), [f(@t)] > e,
nen={ 3 fw0)] < e

Then |f(z,t)| < |fi(z,t)] + er and M f(z,t) < M fi(x,t) +eT. So, if
M f(z,t) > 7, then M fi(z,t) > (1 —¢)r, ie.

{(z,t) e K: M f(z,t) > 7} C {(x,t) e K: M fr(z,t) > (1 —¢e)7}.
So, according to (1)
me {(z,t) e K : Mf(z,t)>7} <
<me{(z,t) e K: Mfi(z,t) > (1—e)7} <
O
< 7(1€)T£|f1(x,t)|dma(x,t) _
LG e ldmae =
{(z,t)eK: | f(z,t)|>eT}
=2 [ @),

{(z,t)eK:|f(x,t)|>eT}

The Lemma 1 has been proved. O
From Theorem 1 and Lemma 1 follows
Corollary 2. 1) Let f € L1(B;), supp f C B, r > 0, then for any 7 > 0
C
mo{(2,0) € Bys Mf(et)> 7)< 2 [ |f@)ldma(e. )

B,
when Cy is independent of f.
2) Let f € L1(B,), suppf C B,, € € (0,1), C5 = 1%57 then for any
7> 0 the following inequality is valid
C
mol(@) € By Mf@o>r1 < [ e bldmate.o).
T

{(z,t)€B:|f(w,t)[>eT}
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Let 1 < p < oo. Well known that for the measurable on K function f it
is valid (see, for example [22])

|ﬂmm@ ﬂlMﬂmf( ﬂwmﬁi
/ /

In the particular case p =1
A llua) = I1fell Ly (0,00
The following equality is valid.

Lemma 2. Let f be measurable on K function, then for any s > 0

(@, Oldma(z,t) = sf.(s E/j;

{(z,t)eK:| f(x,t)|>s}

Proof. Let g(z,t) be the function, defined as follows

_ f(‘rvt)’ |f($,t)| > 8,
ng)_{(L )] < s ®

For any 7 € [s,00)
9+(1) = maf(z,t) € K : [g(x, 1) > 7} =

= ma {(5.0) € K £ 17 0] > 7} = £.(0). 3
For any 7€ (0,s)
9+(1) = ma {(z,1) € K: [g(z, )] > 7} =

= ma{(e,0) € K2 (0] > 5} = (). (1)
Then from (2), (3), (4) we have

|f(x7t)|dma(xvt) =

{(@)eK:|f(x,t)|>s}

:/mmmwm@w:/%mm:
K

S o0

= [onyir+ [ gryir = ss.(s /f*

0 s

Lemma 2 has been proved. O
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Corollary 3. Let f be measurable on B, function, then for any s > 0

|f (2, t)|dma(z,t) =
{(z,t)EB,:|f(z,t)|>s}

=s ma{(x,t) € By : |f(z,t)| > s}—f—/ma{(x,t) € B, : |f(z,t)] > T}dr.

From Corollary 2 directly implies the following
Lemma 3. Let f € L1(B,), supp f C B, then for every 7 >0

7<xBer>* (r) dr < 07< / |f<x,t>|dma<x,t>)di,

-
1 {(z,t)EB:| f(z,t)|>7/2}
where Cyq > 0 is independent of f.

Lemma 4. Let f € Li(B,), supp f C By, then for every 7 > 0

/If(x,t)ldma(:zr,t)é( B+ 2(x5. ) +4/ e /),
1

Proof. We have
[ 156 0ldmae.t) =
B
= / |f(z,t)|dme (z, t)+
{(@,0)€B 1 (2 0)|<1}
v (. 8) dma(@,8) < ma(B,)+

{(z,t)EB,:|f(z,t)|>1}

+ / G2, Bldmae,t) <

k=0 (z,t)€ B, : 2% < (w,t)| <2F+1}

< ma(By) + 3 2 / dma(z,1) <

k=0 (@B, | f(a.t)|>2%)

< ma(B) + 2i2k (x5, F). (28) <

< ma(Br) +2(xs, f) +2Z2k xs,.f), (2) <
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<ma(Br) +2 (x5, f), ( +4z:2’C (xB,.f), (2F11) <

<ma(Br) +2(xs,.f) +4/ XB.f
1

Lemma 4 has been proved. O

Proof of the Theorem 2. By virtue of Lemmas 1 - 4 and Corollary 1 we have

/Mf(:zc,t)dma(w,t) <
< ma(Byr) +2mo {(z,t) € B, : Mf(z,t) > 1}+

+4/ xB, Mf), (T)dr < mq( T)+201/|f(x,t)|dma(x,t)+
1

T d
saf( [ Ueneo) T < mm)
1 {(@0eBf(@n)>5}
2| f (z,t)]

d
so [ ol [ D)o
{(z,t)EBr:| f(z,t)|>1} 1
120, / (@ 8)|dime (2, £) = ma(B,) +2Cy / | (@, 8)|dma (z, 1)+
B,
+8C) / (O] In (21 f ) dma (2, 1) <
{(z,t)EBr:| f(z,t)| >3}
< ma(B,) + c/ (2, D11+ I | £ (2, 6)])dme (z, ).
B,
Theorem 2 has been proved.
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