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INTEGRAL CHARACTERISTICS OF MAXIMAL
FUNCTIONS ON THE LAGUERRE HYPERGROUP

V. S. GULIYEV AND M. N. OMAROVA

Abstract. In this paper we proof the boundedness of the maximal
operator on the Laguerre hypergroup from the spaces L1(1 + ln+ L1)
to the spaces L1.
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1. Introduction

In the theory of functions the shift operator f(x) → f(x + y) and the
connected with it techniques of Fourier analysis plays the important role.
Natural generalization of shift operator on R is the Delsart-Levitan gener-
alized [18] shift operator (GSO), particularly Bessel’s GSO which can be
constructed by arbitrary Shturm-Liouvill differential operator on R. Gener-
alized shift operators form one parametrical family, but nevertheless many
problems of harmonic analysis can be generalized if we use generalized shift
instead of ordinary ones.

The Hardy–Littlewood maximal function, fractional maximal function
and fractional integrals are important technical tools in harmonic analysis,
theory of functions and partial differential equations. The maximal func-
tion was firstly introduced by Hardy and Littlewood in 1930 (see [16]) for
functions defined on the circle. It was extended to the Euclidean spaces,
various Lie groups, symmetric spaces, and some weighted measure spaces
(see [6], [7], [21], [24], [25]). In the setting of hypergroups versions of
Hardy–Littlewood maximal functions were given in [4] for the Jacobi hy-
pergroups of compact type, in [5] for the Jacobi-type hypergroups, in [2]
for the one-dimensional Chebli-Trimeche hypergroups, in [23] for the one-
dimensional Bessel-Kingman hypergroups, in [8] (see also [9, 10, 11]) for
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the n-dimensional Bessel-Kingman hypergroups (n ≥ 1), and in [12] for the
Laguerre hypergroups.

In the papers [13, 14] we obtain necessary and sufficient conditions on
the parameters for the boundedness of the fractional maximal operator and
the fractional integral operator on the Laguerre hypergroup from the spaces
Lp(K) to the spaces Lq(K) and from the spaces L1(K) to the weak spaces
WLq(K). In this paper we consider the Laguerre generalized shift operator,
by means of which are determined and investigated Mf maximal functions.
The boundedness of Mf maximal functions from space L1(1 + ln+ L1) to
space L1 is proved. For Hardy-Littlewood maximal functions the analogous
result was obtained in [15].

2. Main Result

Let α ≥ 0 be a fixed number, K = [0,∞) × R and mα be the weighted
Lebesgue measure on K, given by

dmα(x, t) =
x2α+1dxdt

πΓ(α + 1)
, α ≥ 0.

For every 1 ≤ p ≤ ∞, we denote by Lp(K) = Lp(K; dmα) the spaces of
complex-valued functions f , measurable on K such that

‖f‖Lp(K) =
( ∫

K

|f(x, t)|p dmα(x, t)
)1/p

< ∞ if p ∈ [1,∞),

and

‖f‖L∞(K) = ess sup
(x,t)∈K

|f(x, t)| if p = ∞.

For 1 ≤ p < ∞ we denote by WLp(K), the weak Lp(K) spaces defined
as the set of locally integrable functions f(x, t), (x, t) ∈ K with the finite
norm

‖f‖WLp(K) = sup
r>0

r f∗(r)1/p,

where f∗(r) = mα {(x, t) ∈ K : |f(x, t)| > r}.
Let |(x, t)|K = (x4 + 4t2)1/4 be the homogeneous norm of (x, t) ∈ K. For

r > 0 we will denote by δr(x, t) = (rx, r2t) the dilation of (x, t) ∈ K, and
by Br(x, t) = {(y, s) ∈ K : |(x − y, t − s)|K < r} the ball centered at (x, t)
with radius r, and by Br the ball Br(0, 0).

For (x, t), (y, s) ∈ K and θ ∈ [0, 2π[, r ∈ [0, 1] let

((x, t), (y, s))θ,r =
((

x2 + y2 + 2xyr cos θ
)1/2

, t + s + xyr sin θ
)

.
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The generalized translation operators T
(α)
(x,t) on the Laguerre hypergroup

are given for a suitable function f by

T
(α)
(x,t)f(y, s)=

⎧⎪⎪⎨
⎪⎪⎩

1
2π

2π∫
0

f (((x, t), (y, s))θ,1) dθ, if α = 0,

α
π

1∫
0

( ∫ 2π

0
f (((x, t), (y, s))θ,r) dθ

)
r(1 − r2)α−1dr, if α > 0.

Now on the Laguerre hypergroup we define the maximal function (see
[12]) by

Mf(x, t) = sup
r>0

(
mαBr

)−1
∫
Br

T
(α)
(x,t)|f(y, s)| dmα(y, s).

In [12] the following theorem was proved.

Theorem 1. [12] 1. If f ∈ L1(K), then Mf ∈ WL1(K) and

mα {(x, t) ∈ K : Mf(x, t) > τ} ≤ C1

τ

∫
K

|f(x, t)|dmα(x, t), (1)

where C1 > 0 is independent of f .
2. If f ∈ Lp(K), 1 < p ≤ ∞, then Mf ∈ Lp(K) and

‖Mf‖Lp(K) ≤ C2‖f‖Lp(K),

where C2 > 0 is independent of f .

Corollary 1. If f ∈ Lloc(K), then

lim
r→0

1
mαBr

∫
Br

∣∣T (α)
(x,t)f(y, s) − f(x, t)

∣∣ dmα(y, s) = 0

for a. e. (x, t) ∈ K.

The following theorem is our main result in which we proof the bounded-
ness of the maximal operator on the Laguerre hypergroup from the spaces
L1(1 + ln+ L1) to the spaces L1.

Theorem 2. For any r > 0, and any measurable on K function f for
which supp f ⊂ Br the following inequality holds:

‖Mf‖L1(Br) ≤ C

∫
Br

|f(x, t)|(1 + ln+ |f(x, t)|)dmα(x, t) + mα(Br),

where C > 0 is independent of f .
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3. Preliminaries

Consider the following partial differential operators system:⎧⎨
⎩

D1 = ∂
∂t ,

D2 = ∂2

∂x2 + 2α+1
x

∂
∂x + x2 ∂2

∂t2 ,
(x, t) ∈]0,∞[×R and α ∈ [0,∞[.

For α = n − 1, n ∈ N \{0}, the operator D2 is the radial part of the
sub-Laplacian on the Heisenberg group Hn.

For (λ, m) ∈ R × N, the initial problem⎧⎨
⎩

D1u = iλu,
D2u = −4|λ| (m + α+1

2

)
u;

u(0, 0) = 1, ∂u
∂x (0, t) = 0 for all t ∈ R,

has a unique solution ϕλ,m given by

ϕλ,m(x, t) = eiλtL(α)
m

(|λ|x2
)
, (x, t) ∈ K,

where L(α)
m is the Laguerre functions defined on R+ by

L(α)
m (x) = e−x/2L(α)

m (x)/L(α)
m (0)

and L
(α)
m is the Laguerre polynomial of degree m and order α (see [1]).

For f ∈ L1(K) the Fourier-Laguerre transform F is defined by

F(f)(λ, m) =
∫
K

ϕ−λ,m(x, t)f(x, t)dmα(x, t)

such that

‖F(f)‖L∞(K) ≤ ‖f‖L1(K)

(see [1, 20]).
The generalized translation operators T

(α)
(x,t) on the Laguerre hypergroup

satisfies the following properties (see [1, 20])

T
(α)
(x,t)f(y, s) = T

(α)
(y,s)f(x, t), T

(α)
(0,0)f(y, s) = f(y, s),

‖T (α)
(x,t)f‖Lp(K) ≤ ‖f‖Lp(K) for all f ∈ Lp(K), 1 ≤ p ≤ ∞,

F(
T

(α)
(x,t)f

)
(λ, m) = F(f)(λ, m) ϕλ,m(x, t).

The translation operator T
(α)
(x,t) is defined by

T
(α)
(x,t)f(y, s) =

∫
K

f(z, v)Wα((x, t), (y, s), (z, v))z2α+1dzdv,
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where dzdv is the Lebesgue measure on K, and Wα is an appropriate kernel
satisfying ∫

K

Wα((x, t), (y, s), (z, v))z2α+1dzdv = 1

(see [19]). For all (λ, m) ∈ R × N, the function ϕλ,m(x, t) satisfies the
following product formula

ϕλ,m(x, t)ϕλ,m(y, s) = T
(α)
(x,t)ϕλ,m(y, s).

By using the generalized translation operators T
(α)
(x,t), (x, t) ∈ K, we define

a generalized convolution product ∗ on K by
(
δ(x,t) ∗ δ(y,s)

)
(f) = T

(α)
(x,t)f(y, s),

where δ(x,t) is the Dirac measure at (x, t).
We define the convolution product on the space Mb(K) of bounded Radon

measures on K by

(μ ∗ ν)(f) =
∫

K×K

T
(α)
(x,t)f(y, s) dμ(x, t) dν(y, s).

If μ = h · mα and ν = g · mα, then we have

μ ∗ ν = (h ∗ ǧ) · mα, with ǧ(y, s) = g(y,−s),

where h and g belong to the space L1(K) of the integrable functions on K

with respect to the measure dmα(x, t), and h ∗ g is the convolution product
defined by

(h ∗ g)(x, t) =
∫
K

T
(α)
(x,t)h(y, s) g(y,−s) dmα(y, s), for all (x, t) ∈ K.

Note that, for the convolution operators the Young inequality is valid:
If 1 ≤ p, r ≤ q ≤ ∞, 1/p′ + 1/q = 1/r, f ∈ Lp(K), and g ∈ Lr(K), then
f ∗ g ∈ Lq(K) and

‖f ∗ g‖Lq(K) ≤ ‖f‖Lp(K) ‖g‖Lr(K) ,

where p′ = p/(p − 1).
(Mb(K), ∗, i) is an involutive Banach algebra, where i is the involution

on K given by i(x, t) = (x,−t) and the convolution product ∗ satisfies all
the conditions of Jewett (see [3], [17]). Hence (K, ∗, i) is a hypergroup in
the sense of Jewett and the functions ϕλ,m are characters of K. If α = n−1
is a nonnegative integer, then the Laguerre hypergroup K can be identified
with the hypergroup of radial functions on the Heisenberg group Hn.
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4. Some Lemmas

Let’s note that the first part of the Theorem 1 is possible to be amplified.
Namely, it is valid

Lemma 1. Let ε ∈ (0, 1), C3 = C1/(1 − ε), then for any τ > 0 the
following inequality is valid

mα {(x, t) ∈ K : Mf(x, t) > τ} ≤ C3

τ

∫
{(x,t)∈K:|f(x,t)|>ετ}

|f(x, t)|dmα(x, t).

Proof. For ε = 0 this is inequality (1). For 0 < ε < 1 let’s determine f1(x, t)
so:

f1(x, t) =
{

f(x, t), |f(x, t)| > ετ,
0, |f(x, t)| ≤ ετ.

Then |f(x, t)| ≤ |f1(x, t)| + ετ and Mf(x, t) ≤ Mf1(x, t) + ετ . So, if
Mf(x, t) > τ , then Mf1(x, t) > (1 − ε)τ, i.e.

{(x, t) ∈ K : Mf(x, t) > τ} ⊂ {(x, t) ∈ K : Mf1(x, t) > (1 − ε)τ}.
So, according to (1)

mα {(x, t) ∈ K : Mf(x, t) > τ} ≤
≤ mα {(x, t) ∈ K : Mf1(x, t) > (1 − ε)τ} ≤

≤ C1

(1 − ε)τ

∫
K

|f1(x, t)|dmα(x, t) =

=
(1 − ε)−1C1

τ

∫
{(x,t)∈K: |f(x,t)|>ετ}

|f(x, t)|dmα(x, t) =

=
C3

τ

∫
{(x,t)∈K:|f(x,t)|>ετ}

|f(x, t)|dmα(x, t).

The Lemma 1 has been proved. �
From Theorem 1 and Lemma 1 follows

Corollary 2. 1) Let f ∈ L1(Br), supp f ⊂ Br, r > 0, then for any τ > 0

mα {(x, t) ∈ Br : Mf(x, t) > τ} ≤ C1

τ

∫
Br

|f(x, t)|dmα(x, t),

when C1 is independent of f .
2) Let f ∈ L1(Br), supp f ⊂ Br, ε ∈ (0, 1), C3 = C1

1−ε , then for any
τ > 0 the following inequality is valid

mα {(x, t) ∈ Br : Mf(x, t) > τ} ≤ C3

τ

∫
{(x,t)∈Br:|f(x,t)|>ετ}

|f(x, t)|dmα(x, t).
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Let 1 ≤ p < ∞. Well known that for the measurable on K function f it
is valid (see, for example [22])

‖f‖Lp(K) =
(

p

∞∫
0

τp−1f∗(τ) dτ

) 1
p

=
(
−

∞∫
0

τp d f∗(τ)
) 1

p

,

In the particular case p = 1

‖f‖L1(K) = ‖f∗‖L1(0,∞).

The following equality is valid.

Lemma 2. Let f be measurable on K function, then for any s > 0

∫
{(x,t)∈K:|f(x,t)|>s}

|f(x, t)|dmα(x, t) = sf∗(s) +

∞∫
s

f∗(τ)dτ.

Proof. Let g(x, t) be the function, defined as follows

g(x, t) =
{

f(x, t), |f(x, t)| > s,
0, |f(x, t)| ≤ s.

(2)

For any τ ∈ [s,∞)

g∗(τ) = mα{(x, t) ∈ K : |g(x, t)| > τ} =

= mα {(x, t) ∈ K : |f(x, t)| > τ} = f∗(τ). (3)

For any τ ∈ (0, s)

g∗(τ) = mα {(x, t) ∈ K : |g(x, t)| > τ} =

= mα {(x, t) ∈ K : |f(x, t)| > s} = f∗(s). (4)

Then from (2), (3), (4) we have∫
{(x,t)∈K:|f(x,t)|>s}

|f(x, t)|dmα(x, t) =

=
∫
K

|g(x, t)|dmα(x, t) =

∞∫
0

g∗(τ)dτ =

=

s∫
0

g∗(τ)dτ +

∞∫
s

g∗(τ)dτ = sf∗(s) +

∞∫
s

f∗(τ)dτ.

Lemma 2 has been proved. �



52 V. S. GULIYEV AND M. N. OMAROVA

Corollary 3. Let f be measurable on Br function, then for any s > 0∫
{(x,t)∈Br:|f(x,t)|>s}

|f(x, t)|dmα(x, t) =

=s mα{(x, t) ∈ Br : |f(x, t)| > s}+

∞∫
s

mα{(x, t) ∈ Br : |f(x, t)| > τ}dτ.

From Corollary 2 directly implies the following

Lemma 3. Let f ∈ L1(Br), supp f ⊂ Br, then for every τ > 0
∞∫
1

(χBrMf)∗ (τ) dτ ≤ C4

∞∫
1

( ∫
{(x,t)∈Br:|f(x,t)|>τ/2}

|f(x, t)|dmα(x, t)
)

dτ

τ
,

where C4 > 0 is independent of f .

Lemma 4. Let f ∈ L1(Br), supp f ⊂ Br, then for every τ > 0

∫
Br

|f(x, t)|dmα(x, t) ≤ (mαBr)K + 2(χBrf)∗(1) + 4

∞∫
1

(χBrf)∗ (τ)dτ.

Proof. We have ∫
Br

|f(x, t)|dmα(x, t) =

=
∫

{(x,t)∈Br:|f(x,t)|≤1}

|f(x, t)|dmα(x, t)+

+
∫

{(x,t)∈Br:|f(x,t)|>1}

|f(x, t)|dmα(x, t) ≤ mα(Br)+

+
∞∑

k=0

∫
{(x,t)∈Br : 2k<|f(x,t)|≤2k+1}

|f(x, t)|dmα(x, t) ≤

≤ mα(Br) +
∞∑

k=0

2k+1

∫
{(x,t)∈Br : |f(x,t)|>2k}

dmα(x, t) ≤

≤ mα(Br) + 2
∞∑

k=0

2k (χBrf)∗
(
2k

) ≤

≤ mα(Br) + 2 (χBrf)∗ (1) + 2
∞∑

k=1

2k (χBrf)∗
(
2k

) ≤
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≤ mα(Br) + 2 (χBrf)∗ (1) + 4
∞∑

k=0

2k (χBrf)∗
(
2k+1

) ≤

≤ mα(Br) + 2 (χBrf)∗ (1) + 4

∞∫
1

(χBrf)∗ (τ)dτ.

Lemma 4 has been proved. �

Proof of the Theorem 2. By virtue of Lemmas 1 - 4 and Corollary 1 we have∫
Br

Mf(x, t)dmα(x, t) ≤

≤ mα(Br) + 2mα {(x, t) ∈ Br : Mf(x, t) > 1}+

+4

∞∫
1

(χBrMf)∗ (τ)dτ ≤ mα(Br) + 2C1

∫
Br

|f(x, t)|dmα(x, t)+

+8C4

∞∫
1

( ∫
{(x,t)∈Br:|f(x,t)|> τ

2 }

|f(x, t)|dmα(x, t)
)

dτ

τ
≤ mα(Br)+

+8C4

∫
{(x,t)∈Br:|f(x,t)|> 1

2}

|f(x, t)|
( 2|f(x,t)|∫

1

dτ

τ

)
dmα(x, t)+

+2C1

∫
Br

|f(x, t)|dmα(x, t) = mα(Br) + 2C1

∫
Br

|f(x, t)|dmα(x, t)+

+8C4

∫
{(x,t)∈Br:|f(x,t)|> 1

2}

|f(x, t)| ln (2|f(x, t)|) dmα(x, t) ≤

≤ mα(Br) + C

∫
Br

|f(x, t)|(1 + ln+ |f(x, t)|)dmα(x, t).

Theorem 2 has been proved.
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