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THE SOBOLEV–IL′IN THEOREM FOR THE B-RIESZ POTENTIAL
V. S. Guliev and N. N. Garakhanova UDC 517.51

Abstract: We study the Riesz potentials that are generated by the generalized shift operator associated
to the Laplace–Bessel operator. We obtain an analog of the Sobolev–Il′in theorem for the B-Riesz
potential.
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Introduction

Sobolev was the first to obtain and substantially use integral representations of a function in terms of
its partial derivatives. Similar representations subsequently became one of the principal research tools in
embedding theory (see [1, 2]). The Sobolev method of integral representations includes some estimates of
potential type integrals as a main ingredient. This important estimates (generalizing the one-dimensional
Hardy–Littlewood estimates) were obtained by Sobolev [3] and later augmented by Il′in [4]. More exactly,
for the Riesz potential

Iαf(x) = (| · |α−N ∗ f)(x),
where x ∈ RN and 0 < α < N , the well-known Sobolev–Il′in embedding Lp(RN ) ↪→ Lq(Rm) was obtained,
where 1 < p < q <∞ and 1 ≤ m ≤ N with Np − mq = α.
Using the Fourier–Bessel transform for the Laplace–Bessel operator

ΔB =
n∑

i=1

Bi +
N∑

i=n+1

∂2

∂x2i
, B = (B1, . . . , Bn), Bi =

∂2

∂x2i
+
γi

xi

∂

∂xi
,

with γi > 0 for i = 1, . . . , n, Kipriyanov and Ivanov [5] (also see [6, 7]) found a fundamental solution in
the form of the Riesz potential, the B-Riesz potential. In this article we use the generalized shift operator
that is generated by the Laplace–Bessel operator ΔB to study the B-Riesz potential; namely, we prove
for it an analog of the Sobolev–Il′in theorem in Lp,γ

(
R
N
n,+

)
= Lp

(
R
N
n,+;x

γ
1,ndx

)
.

Some Notation

Denote by RN the N -dimensional Euclidean space of points x = (x1, . . . , xN ). Put

|x| =
( N∑

i=1

x2i

)1/2
.

For 1 ≤ n ≤ N − 1, where N ≥ 2, put x1,n = (x1, . . . , xn) ∈ Rn and xn+1,N = (xn+1, . . . , xN ) ∈ RN−n;
i.e., x = (x1,n, xn+1,N ) for every point x ∈ RN . Put

R
N
n,+ = {x ∈ RN : x1 > 0, . . . , xn > 0}.

Given γ1 > 0, . . . , γn > 0, put γ ≡ γ1,n = (γ1, . . . , γn), |γ| = γ1+ · · ·+ γn, and xγ1,n = xγ11 · . . . ·xγnn . Given
a measurable set E in RNn,+, put |E|γ =

∫
E x
γ
1,ndx.
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Baku. Translated from Sibirskĭı Matematicheskĭı Zhurnal, Vol. 50, No. 1, pp. ??–??, January–February, 2009.

Original article submitted November 4, 2006. Revision submitted October 31, 2007..

0037-4466/09/5001–0001 c© 2009 Springer Science+Business Media, Inc. 1



Suppose that 1 ≤ m ≤ N . In the case 1 ≤ m < n ≤ N we will assume that x1,n = (x1,m, xm+1,n),
where xm+1,n = (xm+1, . . . , xn) ∈ Rn−m, and also that γ = (γ1,m, γm+1,n), where γ1,m = (γ1, . . . , γm) and
γm+1,n = (γm+1, . . . , γn), In the case 1 ≤ n < m ≤ N we will assume that x1,m = (x1,n, xn+1,m), where
xn+1,m = (xn+1, . . . , xm) ∈ Rm−n. Given 1 ≤ n < m, define the space Rmn,+ = {x1,m ∈ Rm : x1 > 0,
. . . , xn > 0}; and, given m < n, put

R
m
+,+ = {x1,m ∈ Rm;x1 > 0, . . . , xm > 0},

R
N−m
n−m,+ = {xm+1,N ∈ RN−m;xm+1 > 0, . . . , xn > 0}.

Given a measurable set E in RNn,+, put |E|γ1,m =
∫

E

x
γ1,m
1,m dx.

Denote by Lp,γ = Lp,γ
(
R
N
n,+

)
the space of all measurable functions f(x) of x ∈ RNn,+ of the finite

norm

‖f‖Lp,γ(RNn,+) = ‖f‖p,γ =
( ∫

R
N
n,+

|f(x)|pxγ1,ndx
) 1
p

, 1 ≤ p <∞.

Put L∞,γ
(
R
N
n,+

)
= L∞

(
R
N
n,+

)
, where L∞

(
R
N
n,+

)
is the set of all essentially bounded functions f of the

finite norm
‖f‖L∞,γ(RNn,+) = ‖f‖L∞(RNn,+) = ess sup

x∈RNn,+
|f(x)|.

The generalized shift operator (the B-shift operator) is defined as follows (see [5, 7]):

T yf(x) = Cγ

π∫

0

· · ·
π∫

0

f((x1,n, y1,n)α, xn+1,N − yn+1,N ) dν(α),

where

Cγ = π
−n
2

n∏

i=1

Γ((γi + 1)/2)Γ
−1(γi/2),

(x1,n, y1,n)α = ((x1, y1)α1 , . . . , (xn, yn)αn),

(xi, yi)αi =
√
x2i − 2xiyi cosαi + y2i , 1 ≤ i ≤ n,

dν(α) =
n∏

i=1

sinγi−1 αi dα1 . . . dαn, 1 ≤ n ≤ N.

Introduce the following additional notation: in case 1 ≤ n < m ≤ N ,
(x1,m, y1,m)α1,m = ((x1,n, y1,n)α, xn+1,m − yn+1,m),

T
y1,m
x1,m f(x) = Cγ

π∫

0

· · ·
π∫

0

f((x1,n, y1,n)α, xn+1,m − yn+1,m, xm+1,n) dν(α),

and in case 1 ≤ m < n ≤ N ,
(x1,m, y1,m)α1,m = ((x1, y1)α1 , . . . , (xm, ym)αm),

(xm+1,n, ym+1,n)αm+1,n = ((xm+1, ym+1)αm+1 , . . . , (xn, yn)αn),

T
y1,m
x1,m f(x) = Cγ1,m

π∫

0

· · ·
π∫

0

f((x1,m, y1,m)α1,m , xm+1,n) dν(α1,m),
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T
ym+1,N
xm+1,N f(x) = Cγm+1,n

π∫

0

· · ·
π∫

0

f(x1,m,

(xm+1,n, ym+1,n)αm+1,n , xn+1,N − yn+1,N ) dν(αm+1,n),
where

Cγ1,m = π
−m
2

m∏

i=1

Γ((γi + 1)/2)Γ
−1(γi/2),

dν(α1,m) =
m∏

i=1

sinγi−1 αi dα1 . . . dαm,

Cγm+1,n = π
−n−m

2

n∏

i=m+1

Γ((γi + 1)/2)Γ
−1(γi/2),

dν(αm+1,n) =
n∏

i=m+1

sinγi−1 αi dαm+1 . . . dαn.

Observe that in case 1 ≤ m < n ≤ N
T yf(x) = T

y1,m
x1,m T

ym+1,N
xm+1,N f(x), Cγ = Cγ1,mCγm+1,n .

The Main Results

For the B-Riesz potential

Iαγ f(x) =

∫

R
N
n,+

T y|x|α−N−|γ|f(y)yγ1,n dy, 0 < α < N + |γ|,

the following Sobolev theorem holds:

Theorem 1. Suppose that 0 < α < N + |γ|.
(a) If 1 ≤ p < N+|γ|

α and f ∈ Lp,γ
(
R
N
n,+

)
then Iαγ f converges absolutely for almost all x ∈ RNn,+.

(b) If 1 < p < N+|γ|
α , 1p − 1q = α

N+|γ| , and f ∈ Lp,γ
(
R
N
n,+

)
then Iαγ f ∈ Lq,γ

(
R
N
n,+

)
and

∥∥Iαγ f
∥∥
q,γ
≤ C‖f‖p,γ

with some constant C > 0 independent of f .
(c) If f ∈ L1,γ

(
R
N
n,+

)
and 1/q = 1− α

N+|γ| , then

∣∣{x ∈ RNn,+ : Iαγ f(x) > β
}∣∣1/q
γ
≤ C
β
‖f‖1,γ

with some constant C > 0 independent of f .

Remark 1. Theorem 1 is proved by different methods in [8, 9]; also see [10]. In the case n = 1
Theorem 1 is proved in [11], and in the case n = N , in [12]; also see [13].

Remark 2. Examples demonstrate (see, for instance, [13, p. 323]) that if p ≥ N+|γ|
α then the B-Riesz

potential Iαγ f need not be defined for all f ∈ Lp,γ
(
R
N
n,+

)
.

In this article we prove the following two main theorems analogous to the Sobolev–Il′in theorem for
the B-Riesz potential.

3



Theorem 2. Suppose that 0 < α < N + |γ|, 1 ≤ p < N+|γ|
α , and 1 ≤ m < n ≤ N .

(a) If f ∈ Lp,γ
(
R
N
n,+

)
then for every xm+1,N ∈ RN−mn−m,+ and almost all x1,m ∈ Rm+,+ the B-Riesz

potential Iαγ f(x) exists.

(b) If 1 < p < N+|γ|
α , f ∈ Lp,γ

(
R
N
n,+

)
, and α = N+|γ|

p − m+|γ1,m|q then

Iαγ f(·, xm+1,N ) ∈ Lq,γ1,m
(
R
m
+,+

)

for every xm+1,N ∈ RN−mn−m,+ and
∥∥Iαγ f(·, xm+1,N )

∥∥
Lq,γ1,m (R

m
+,+)
≤ C‖f‖Lp,γ(RNn,+) (1)

with some constant C > 0 independent of f and xm+1,N .

(c) If f ∈ L1,γ
(
R
N
n,+

)
and α = N + |γ| − m+|γ1,m|q then for every xm+1,N ∈ RN−mn−m,+

∣∣{x1,m ∈ Rm+,+ :
∣∣Iαγ f(x1,m, xm+1,N )

∣∣ > β
}∣∣1/q
γ1,m
≤ C
β
‖f‖L1,γ(RNn,+) (2)

with some constant C > 0 independent of f and xm+1,N .

Theorem 3. Suppose that 0 < α < N + |γ|, 1 ≤ p < N+|γ|
α and 1 ≤ n ≤ m ≤ N .

(a) If f ∈ Lp,γ(RNn,+) then for every xm+1,N ∈ RN−m and almost all x1,m ∈ Rmn,+ the B-Riesz potential
Iαγ f(x) exists.

(b) If 1 < p < N+|γ|
α , f ∈ Lp,γ(RNn,+) and N+|γ|p − m+|γ|q = α then Iαγ f(·, xm+1,N ) ∈ Lq,γ(Rmn,+) for

every xm+1,N ∈ RN−m and
∥∥Iαγ f(·, xm+1,N )

∥∥
Lq,γ(Rmn,+)

≤ C‖f‖Lp,γ(RNn,+) (3)

with some constant C > 0 independent of f and xm+1,N .

(c) If f ∈ L1,γ
(
R
N
n,+

)
and α = N + |γ| − m+|γ|q then for every xm+1,N ∈ RN−m

∣∣{x1,m ∈ Rmn,+ :
∣∣Iαγ f(x1,m, xm+1,N )

∣∣ > β
}∣∣1/q
γ
≤ C
β
‖f‖L1,γ(RNn,+) (4)

with some constant C > 0 independent of f and xm+1,N .

Remark 3. For the anisotropic B-Riesz potential an analog of (3) for n = 1 and 1 < m ≤ N is
obtained in [14].

Auxiliary Lemmas

The proofs of Theorems 2 and 3 use the following two auxiliary lemmas, which we prove right here.

Lemma 1. Suppose that 1 ≤ p <∞ and 1 ≤ m < n ≤ N . Suppose further that x = (x1,m, xm+1,N )
with x1,m ∈ Rm+,+ and xm+1,N ∈ RN−mn−m,+, and that 0 < α <

N+|γ|
p +

m+|γ1,m|
p′ (while 0 < α < N+ |γ| in the

case p = 1). Then there exists a constant C1 depending on p,m, n, α, γ such that for all f ∈ Lloc1,γ
(
R
N
n,+

)

and x ∈ RNn,+ we have
∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy

≤ C1
∫

R
m
+,+

T
y1,m
x1,m |x1,m|α−(

N+|γ|
p
+
m+|γ1,m|

p′ )‖f(y1,m, ·)‖Lp,γm+1,n (RN−mn−m,+)
y
γ1,m
1,m dy1,m, (5)
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where

C1 = ‖(1 + |xm+1,n|2)
α−N−|γ|

2 ‖
Lp′,γm+1,n (R

N−m
n−m,+)

and p′ = p
p−1 in the case p > 1, and C1 = Cγm+1,n in the case p = 1.

Proof. Consider the case p = 1. We have

T y|x|α−N−|γ| = Cγ
π∫

0

· · ·
π∫

0

|((x1,n, y1,n)α, xn+1,N − yn+1,N )|α−N−|γ| dν(α)

≤ Cγ
π∫

0

· · ·
π∫

0

|(x1,m, y1,m)α1,m |α−N−|γ| dν(α1,m) = Cγm+1,nT y1,mx1,m |x1,m|α−N−|γ|.

The last inequality yields
∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy ≤ Cγm+1,n
∫

R
N
n,+

T
y1,m
x1,m |x1,m|α−N−|γ||f(y)|yγ1,n dy

= Cγm+1,n

∫

R
m
+,+

T
y1,m
x1,m |x1,m|α−N−|γ|‖f(y1,m, ·)‖L1,γm+1,n (RN−mn−m,+)

y
γ1,m
1,m dy1,m.

Consequently, (5) holds for p = 1 with C1 = Cγm+1,n .
Suppose now that p > 1. Then

∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy =
∫

R
m
+,+

F (x, y1,m)y
γ1,m
1,m dy1,m,

where

F (x, y1,m) =

∫

R
N−m
n−m,+

T y|x|α−N−|γ||f(y)|yγm+1,nm+1,n dym+1,N .

The finiteness of the right-hand side of (5) implies that ‖f(y1,m, ·)‖Lp,γm+1,n (RN−mn−m,+)
<∞ for almost

all y1,m ∈ Rm+,+. Applying the Hölder inequality for F (x, y1,m), we obtain

F (x, y1,m) ≤ ‖T y|x|α−N−|γ|‖Lp′,γm+1,n (RN−mn−m,+)
‖f(y1,m, ·)‖Lp,γm+1,n (RN−mn−m,+)

.

In order to estimate ‖T y|x|α−N−|γ|‖
Lp′,γm+1,n (R

N−m
n−m,+)

, observe that

T y|x|α−N−|γ| = T y1,mx1,m T
ym+1,N
xm+1,N (|x1,m|2 + |xm+1,N |2)

α−N−|γ|
2

= Cγ1,m

π∫

0

· · ·
π∫

0

T
ym+1,N
xm+1,N (|(x1,m, y1,m)α1,m |2 + |xm+1,N |2)

α−N−|γ|
2 dν(α1,m).

Using the generalized Minkowski inequality, the Hölder inequality, and the properties of the generalized
shift operator, we arrive at

‖T y|x|α−N−|γ|‖
Lp′,γm+1,n (R

N−m
n−m,+)

≤ Cγ1,m
π∫

0

· · ·
π∫

0

J(x1,m, y1,m, α1,m)dν(α1,m),
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where

J(x1,m, y1,m, α1,m) =

[ ∫

R
N−m
n−m,+

(|(x1,m, y1,m)α1,m |2 + |ym+1,N |2)
α−N−|γ|

2
p′y
γm+1,n
m+1,n dym+1,N

]1/p′

= |(x1,m, y1,m)α1,m |α−N−|γ|
[ ∫

R
N−m
n−m,+

(
1 +

( |ym+1,N |
|(x1,m, y1,m)α1,m |

)2)α−N−|γ|
2

p′

y
γm+1,n
m+1,n dym+1,N

]1/p′
.

Making the change of variables
ym+1,N

|(x1,m,y1,m)α1,m | = zm+1,N and considering that

ym+1,N = |(x1,m, y1,m)α1,m |zm+1,N ,
dym+1,N = |(x1,m, y1,m)α1,m |N−m dzm+1,N ,

y
γm+1,n
m+1,n dym+1,N = |(x1,m, y1,m)α1,m |N−m+|γm+1,n|zγm+1,nm+1,n dzm+1,N ,

we obtain

J(x1,m, y1,m, α1,m) = C1|(x1,m, y1,m)α1,m |(α−N−|γ|)+
N−m+|γm+1,n|

p′ ,

where

C1 =

[ ∫

R
N−m
n−m,+

(1 + |zm+1,N |2)
α−N−|γ|

2
p′z
γm+1,n
m+1,n dzm+1,N

]1/p′

= ‖(1 + |zm+1,n|2)
α−N−|γ|

2 ‖
Lp′,γm+1,n (R

N−m
n−m,+)

<∞.
Consequently,

‖T y|x|α−N−|γ|‖
Lp′,γm+1,n (R

N−m
n−m,+)

≤ C1Cγ1,m
π∫

0

· · ·
π∫

0

|(x1,m, y1,m)α1,m |α−N−|γ|+
N−m+|γm+1,n|

p′ dν(α1,m)

= C1T
y1,m
x1,m |x1,m|α−N−|γ|+

N−m+|γm+1,n|
p′ .

Since

α−N − |γ|+ N −m+ |γm+1,n|
p′

= α−
(
N + |γ| − N −m+ |γm+1,n|

p′

)

= α−
(
N + |γ|
p

+
m+ |γ1,m|
p′

)
,

it follows that

‖T y|x|α−N−|γ|‖
Lp′,γm+1,n (R

N−m
n−m,+)

≤ C1T y1,mx1,m |x1,m|α−(
N+|γ|
p
+
m+|γ1,m|

p′ )
.

Having these estimates, we arrive at
∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy

≤ C1
∫

R
m
+,+

T
y1,m
x1,m |x1,m|α−(

N+|γ|
p
+
m+|γ1,m|

p′ )‖f(y1,m, ·)‖Lp,γm+1,n (RN−mn−m,+)
y
γ1,m
1,m dy1,m.

Consequently, (5) holds for p > 1 with some constant C1 > 0.
The proof of Lemma 1 is complete.
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Lemma 2. Suppose that 1 ≤ p <∞ and1 ≤ n ≤ m ≤ N . Suppose further that x = (x1,m, xm+1,N )
with x1,m ∈ Rmn,+ and xm+1,N ∈ RN−m, and that 0 < α < |γ|+ Np + mp′ (while 0 < α < N + |γ| in the case
p = 1). Then there exists a constant C2 depending on p,m, n, α, γ such that for every f ∈ Lloc1,γ

(
R
N
n,+

)

and all x ∈ RNn,+ we have
∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy

≤ C2
∫

R
m
n,+

T
y1,m
x1,m |x1,m|α−|γ|−(

N
p
+m
p′ )‖f(y1,m, ·)‖Lp(RN−m)yγ1,n dy1,m, (6)

where

C2 = ‖(1 + |xm+1,N |2)
α−N−|γ|

2 ‖Lp′ (RN−m)
and p′ = p

p−1 in the case p > 1 and C2 = 1 in the case p = 1.
Proof. Consider the case p = 1. We have

T y|x|α−N−|γ| = Cγ
π∫

0

...

π∫

0

|((x1,n, y1,n)α, xn+1,m − yn+1,m, xm+1,N − ym+1,N )| dν(α)

≤ Cγ
π∫

0

· · ·
π∫

0

|((x1,n, y1,n)α, xn+1,m − yn+1,m)| dν(α) = T y1,mx1,m |x1,m|α−N−|γ|.

The last inequality implies that
∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy ≤
∫

R
N
n,+

T
y1,m
x1,m |x1,m|α−N−|γ||f(y)|yγ1,n dy

=

∫

R
m
n,+

∫

RN−m

T
y1,m
x1,m |x1,m|α−N−|γ||f(y)|yγ1,ndy1,mdym+1,N

=

∫

R
m
n,+

T
y1,m
x1,m |x1,m|α−N−|γ|‖f(y1,m, ·)‖L1(RN−m)yγ1,ndy1,m.

Consequently, (6) holds for p = 1 with the constant C2 = 1.
Suppose now that p > 1. Then

∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy =
∫

R
m
n,+

F (x, y1,m)y
γ
1,n dy1,m,

where

F (x, y1,m) =

∫

RN−m

T y|x|α−N−|γ||f(y)| dym+1,N .

The finiteness of the right-hand side of (6) implies that for almost all y1,m ∈ Rmn,+
‖f(y1,m, ·)‖Lp(RN−m) <∞.
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Using the Hölder inequality for F (x, y1,m) we arrive at

F (x, y1,m) ≤ ‖T y|x|α−N−|γ|‖Lp′ (RN−m)‖f(y1,m, ·)‖Lp(RN−m).
In order to estimate ‖T y|x|α−N−|γ|‖Lp′ (RN−m), observe that

T y|x|α−N−|γ| = Cγ
π∫

0

· · ·
π∫

0

[
|(x1,m, y1,m)α|2 +

N∑

i=m+1

|xi − yi|2
]α−N−|γ|

2

dν(α).

Applying the generalized Minkowski inequality and∫

RN−m

(|(x1,m, y1,m)α|2 + |xm+1,N − ym+1,N |2)
α−N−|γ|

2
p′ dym+1,N

=

∫

RN−m

(|(x1,m, y1,m)α|2 + |ym+1,N |2)
α−N−|γ|

2
p′ dym+1,N ,

we obtain

‖T y|x|α−N−|γ|‖Lp′ (RN−m) ≤ Cγ
π∫

0

· · ·
π∫

0

J(x1,m, y1,m, α) dν(α),

where

J(x1,m, y1,m, α) =

[ ∫

RN−m

(|(x1,m, y1,m)α|2 + |ym+1,N |2)
α−N−|γ|

2
p′ dym+1,N

]1/p′

= |(x1,m, y1,m)α|α−N−|γ|
[ ∫

RN−m

(
1 +

( |ym+1,N |
|(x1,m, y1,m)α|

)2)α−N−|γ|
2

p′

dym+1,N

]1/p′
.

Making the change of variables
ym+1,N

|(x1,m,y1,m)α| = zm+1,N and considering that

ym+1,N = |(x1,m, y1,m)α|zm+1,N , dym+1,N = |(x1,m, y1,m)α|N−m dzm+1,N ,
we obtain

J(x1,m, y1,m, α) = C2|(x1,m, y1,m)α|α−N−|γ|+
N−m
p′ ,

where

C2 =

[ ∫

RN−m

(1 + |zm+1,N |2)
α−N−|γ|

2
p′dzm+1,N

]1/p′
= ‖(1 + |zm+1,N |2)

α−N−|γ|
2 ‖Lp′ (RN−m) <∞.

Consequently,

‖T y|x|α−N−|γ|‖Lp′ (RN−m)

≤ C2Cγ
π∫

0

· · ·
π∫

0

|(x1,m, y1,m)α|α−N−|γ|+
N−m
p′ dν(α) = C2T

y1,m
x1,m |x1,m|α−N−|γ|+

N−m
p′ .

Since α−N − |γ|+ N−mp′ = α− |γ| −
(
N
p +

m
p′

)
, it follows that

‖T y|x|α−N−|γ|‖Lp′ (RN−m) ≤ C2T
y1,m
x1,m |x1,m|α−|γ|−(

N
p
+m
p′ ).

These estimates yield∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy ≤ C2
∫

R
m
n,+

T
y1,m
x1,m |x1,m|α−|γ|−(

N
p
+m
p′ )‖f(y1,m, ·)‖Lp(RN−m)yγ1,n dy1,m.

Consequently, (6) holds for p > 1 with some constant C2 > 0.
The proof of Lemma 2 is complete.
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Proofs of Theorems 2 and 3

Proof of Theorem 2. Claim (a) of Theorem 2 follows directly from Lemma 1 and Theorem 1.
Let us prove claims (b) and (c) of Theorem 2.
Consider the case p = 1. Lemma 1 and Theorem 1 yield

∣∣{x1,m ∈ Rm+,+ :
∣∣Iαγ f(x1,m, xm+1,N )

∣∣ > β
}∣∣1/q
γ1,m

≤
∣∣∣∣

{
x1,m ∈ Rm+,+ :

∫

R
m
+,+

T
y1,m
x1,m |x1,m|α−N−|γ|‖f(y1,m, ·)‖L1,γm+1,n (RN−mn−m,+)

y
γ1,m
1,m dy1,m >

β

C1

}∣∣∣∣
1/q

γ1,m

≤ C1
β

∫

R
m
+,+

‖f(y1,m, ·)‖L1,γm+1,n (RN−mn−m,+)
y
γ1,m
1,m dy1,m =

C1

β
‖f‖L1,γ(RNn,+).

Turn now to the case 1 < p < q <∞. Using Lemma 1 and making the change of variables
h(y1,m) = ‖f(y1,m, ·)‖Lp,γm+1,n (RN−mn−m,+)

,

we obtain
∣∣Iαγ f(x)

∣∣ ≤
∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy

≤ C1
∫

R
m
+,+

T
y1,m
x1,m |x1,m|α−(

N+|γ|
p
+
m+|γ1,m|

p′ )‖f(y1,m, ·)‖Lp,γm+1,n (RN−mn−m,+)
y
γ1,m
1,m dy1,m

= C1

∫

R
m
+,+

T
y1,m
x1,m |x1,m|α−(

N+|γ|
p
+
m+|γ1,m|

p′ )
h(y1,m)y

γ1,m
1,m dy1,m.

Since α− N+|γ|p − m+|γ1,m|p′ = −(m+ |γ1,m|)
(
1
p′ +

1
q

)
, it follows that

∥∥Iαγ f(·, xm+1,N )
∥∥
Lq,γ1,m (R

m
+,+)
≤ C1

∥∥∥∥
∫

R
m
+,+

T
y1,m
x1,m |x1,m|−(m+|γ1,m|)(

1
p′+

1
q
)
h(y1,m)y

γ1,m
1,m dy1,m

∥∥∥∥
Lq,γ1,m (R

m
+,+)

.

Since ∫

R
m
+,+

T
y1,m
x1,m |x1,m|−(m+|γ1,m|)(

1
p′+

1
q
)
h(y1,m)y

γ1,m
1,m dy1,m

=

∫

R
m
+,+

T
y1,m
x1,m |x1,m|β−m−|γ1,m|h(y1,m)yγ1,m1,m dy1,m = Iβγ1,mh(x1,m),

where β =
m+|γ1,m|
p − m+|γ1,m|q > 0 and N = n = m, applying Theorem 1 for N = n = m and considering

that 1p − 1q = β
m+|γ1,m| , we obtain

∥∥Iαγ f(·, xm+1,N )
∥∥
Lq,γ1,m (R

m
+,+)
=

∥∥∥∥
∫

R
m
+,+

T
y1,m
x1,m |x1,m|−(m+|γ1,m|)(

1
p′+

1
q
)
h(y1,m)y

γ1,m
1,m dy1,m

∥∥∥∥
Lq,γ1,m (R

m
+,+)

=
∥∥Iβγ1,mh

∥∥
Lq,γ1,m (R

m
+,+)
≤ C‖h‖Lp,γ1,m (Rm+,+) = C‖f‖Lp,γ(RNn,+)

with some constant C > 0 independent of f and xm+1,N .
The proof of Theorem 2 is complete.
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Proof of Theorem 3. Claim (a) of Theorem 3 is immediate from Lemma 2 and Theorem 1. Let
us prove claims (b) and (c) of Theorem 3.

Consider the case p = 1. Lemma 2 and Theorem 1 yield

∣∣{x1,m ∈ Rmn,+ :
∣∣Iαγ f(x1,m, xm+1,N )

∣∣ > β
}∣∣1/q
γ

≤
∣∣∣∣

{
x1,m ∈ Rmn,+ :

∫

R
m
n,+

T
y1,m
x1,m |x1,m|α−N−|γ|‖f(y1,m, ·)‖L1(RN−m)yγ1,n dy1,m >

β

C2

}∣∣∣∣
1/q

γ

≤ C
β

∫

R
m
n,+

‖f(y1,m, ·)‖L1(RN−m)yγ1,ndy1,m =
C

β
‖f‖L1,γ(RNn,+).

Consider now the case 1 < p < q <∞. Putting h(y1,m) = ‖f(y1,m, ·)‖Lp(RN−m) and using Lemma 2,
we obtain

∣∣Iαγ f(x)
∣∣ ≤

∫

R
N
n,+

T y|x|α−N−|γ||f(y)|yγ1,n dy

≤ C2
∫

R
m
n,+

T
y1,m
x1,m |x1,m|α−|γ|−(

N
p
+m
p′ )‖f(y1,m, ·)‖Lp(RN−m)yγ1,n dy1,m

= C2

∫

R
m
n,+

T
y1,m
x1,m |x1,m|α−|γ|−(

N
p
+m
p′ )h(y1,m)y

γ
1,n dy1,m.

Since α− |γ| − (N/p+m/p′) = −(m+ |γ|)(1/p′ + 1/q), it follows that
∥∥Iαγ f(·, xm+1,N )

∥∥
Lq,γ(Rmn,+)

≤ C2
∥∥∥∥
∫

R
m
n,+

T
y1,m
x1,m |x1,m|−(m+|γ|)(

1
p′+

1
q
)
h(y1,m)y

γ
1,n dy1,m

∥∥∥∥
Lq,γ(Rmn,+)

.

Since ∫

R
m
n,+

T
y1,m
x1,m |x1,m|−(m+|γ|)(

1
p′+

1
q
)
h(y1,m)y

γ
1,n dy1,m

=

∫

R
m
n,+

T
y1,m
x1,m |x1,m|β−m−|γ|h(y1,m)yγ1,n dy1,m = Iβγ h(x1,m),

where β = (m + |γ|)(1p − 1
q

)
> 0 and N = m, applying Theorem 1 for N = m and considering that

1
p − 1q = β

m+|γ| , we obtain

∥∥Iαγ f(·, xm+1,N )
∥∥
Lq,γ(Rmn,+)

∥∥∥∥
∫

R
m
n,+

T
y1,m
x1,m |x1,m|−(m+|γ|)(

1
p′+

1
q
)
h(y1,m)y

γ
1,n dy1,m

∥∥∥∥
Lq,γ(Rmn,+)

=
∥∥Iβγ h

∥∥
Lq,γ(Rmn,+)

≤ C‖h‖Lp,γ(Rmn,+) = C‖f‖Lp,γ(RNn,+)

with some constant C > 0 independent of f and xm+1,N .

The proof of Theorem 3 is complete.
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2. Besov O. V., Il ′in V. P., and Nikol ′skĭı S. M., Integral Representations of Functions and Embedding Theorems [in
Russian], Nauka, Moscow (1975).

3. Sobolev S. L., “On one theorem of functional analysis,” Mat. Sb., 4, No. 3, 471–497 (1938).
4. Il ′in V. P., “On an embedding theorem for a limit exponent,” Dokl. Akad. Nauk SSSR, 96, No. 5, 905–908 (1954).
5. Kipriyanov I. A. and Ivanov L. A., “Obtaining fundamental solutions for homogeneous equations with singularities in
several variables,” in: Trudy Sem. Soboleva, Inst. Mat., Novosibirsk, 1983, No. 1, pp. 55–77.

6. Kipriyanov I. A. and Kononenko V. I., “The fundamental solutions for B-elliptic equations,” Differentsial′nye Urav-
neniya, 3, No. 1, 114–129 (1967).

7. Kipriyanov I. A., Singular Elliptic Boundary-Value Problems [in Russian], Nauka; Fizmatlit, Moscow (1997).
8. Lyakhov L. N., “Hardy–Littlewood–Sobolev inequalities for one class of fractional integrals,” in: Functional-Differential
Equations and Some of Their Applications [in Russian], Makhachkala, 1991, p. 95.

9. Garakhanova N. N., “Sobolev type theorems for Bk,n-Riesz potentials,” Proc. of Inst. Math. Mech. of Azerbaijan AS,
15, 52–61 (2001).

10. Lyakhov L. N., “Inversion of the Riesz B-potentials,” Soviet Math. Dokl., 44, No. 3, 717–720 (1992).
11. Gadzhiev A. D. and Aliev I.A., “On classes of operators of potential types generated by a generalized shift,” in: Reports
of the Enlarged Session of the Seminar of I. N. Vekua Inst. of Applied Mathematics, Tbilisi, 1988, 3, No. 2, pp. 21–24.

12. Guliev V. S., “The Sobolev theorem for the B-Riesz potentials,” Dokl. Math., 57, No. 1, 72–73 (1998).
13. Guliev V. S., “On the maximal function and fractional integral associated with the Bessel differential operator,” Math.
Inequal. Appl., 6, No. 2, 317–330 (2003).
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