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THE SOBOLEV-IL'IN THEOREM FOR THE B-RIESZ POTENTIAL
V. S. Guliev and N. N. Garakhanova UDC 517.51

Abstract: We study the Riesz potentials that are generated by the generalized shift operator associated
to the Laplace—Bessel operator. We obtain an analog of the Sobolev—Il'in theorem for the B-Riesz
potential.
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Introduction

Sobolev was the first to obtain and substantially use integral representations of a function in terms of
its partial derivatives. Similar representations subsequently became one of the principal research tools in
embedding theory (see [1,2]). The Sobolev method of integral representations includes some estimates of
potential type integrals as a main ingredient. This important estimates (generalizing the one-dimensional
Hardy-Littlewood estimates) were obtained by Sobolev [3] and later augmented by Il'in [4]. More exactly,

for the Riesz potential
1f(z) = (|- [*"V * f) (=),

where z € RY and 0 < a < N, the well-known Sobolev-Il'in embedding L,(R") < L,(R™) was obtained,
Where1<p<q<ooand1<m<NW1th;—%—oz
Using the Fourier—Bessel transform for the Laplace—Bessel operator

(92 Yi 0
AB_ZB + Z a 922’ = Bu Ba) Bi=ga+ 5
i=n—+1 ?

with v; > 0 for ¢ = 1,...,n, Kipriyanov and Ivanov [5] (also see [6,7]) found a fundamental solution in
the form of the Riesz potential, the B-Riesz potential. In this article we use the generalized shift operator
that is generated by the Laplace—Bessel operator Ap to study the B-Riesz potential; namely, we prove
for it an analog of the Sobolev-1l'in theorem in Ly, (R,,]X +) =L (Rn 5Ty nda:)

Some Notation

Denote by RY the N-dimensional Euclidean space of points = = (z1,...,2x). Put
N 1/2
o= (Xa2)
i=1
For 1 <n < N —1, where N > 2, put 21, = (z1,...,2,) € R" and 211§y = (Tpi1,-..,2n) € RV

ie., x = (z1,n, Tny1,nv) for every point z € RYN. Put

RQ{Jr:{xERN::Cl>O,...,zn>0}.

Given y1 > 0,..., 7% >0, put Y =v1n = (15, M), W =7+ +m, and 2], = 27" -...-2;". Given

a measurable set B in RY |, put |E|, = [, 2] dz.
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Suppose that 1 <m < N. In the case 1 < m < n < N we will assume that 1, = (Z1,m, Tm+1,n),

where Tpm11n = (Tmi1, ..., 2n) € R"™ and also that v = (Y1,m, Ym+1,n), Where y1.m = (71,...,7m) and
Ym+1n = (Ym+1s---,Yn), In the case 1 < n < m < N we will assume that z1,, = (21, Tnt+1,m), Where
Tntim = (Tnt1,...,Tm) € R Given 1 < n < m, define the space Ry = {z1m € R™ : 21 > 0,

., Zn > 0}; and, given m < n, put
RT, = {x1m € R™; 21 > 0,..., 253 > 0},
R = {@miiy € RV ™ 241 > 0,0, 2, > 0}
Given a measurable set £ in RY L put |El,, = f m% "dx.

Denote by Ly = Ly (Rn, . ) the space of all measurable functions f(z) of z € Rﬁ ., of the finite
norm )
y = ( / |f(ac)|px¥’ndx)p, 1<p<o0.
R,

Put Lo~ (Rﬁf Jr) = L (Rﬁ’ Jr), where L, (R,{X +) is the set of all essentially bounded functions f of the
finite norm

1A lE, @)

1wy ) = I F @y, ) = esssup | f(z)].
(R ) Ry, +) zeRY,

The generalized shift operator (the B-shift operator) is defined as follows (see [5,7]):

TVf(x) = Cy / : '/f(($1,n,yl,n)a,$n+1,zv — Yn+1,N) dv(e),
o0

where
n

¢, = w4 [[ T + 1/2T " (i/2)

(an) yl,n)a = ((xla Z/l)om ceey (mna yn)an)a

(xiayi)oq = \/CC? - 2561:‘/2 COs o + y7,27 1< < n,

n
dv(a) = l_Isin%'_1 o;daq . ..day, 1 <n <N.
i=1
Introduce the following additional notation: in case 1 <n <m < N,

(ml,mvyl,m)m,m = ((T1,n Y1,0)a> Tnt1m — Yn+1m),

T f(x) = Cw/"'/f((wl,myl,n)mwnﬂ,m — Yn+1,m> Tmt1,n) AV (@),

and incase 1 <m<n<N,
(xl,mn yl,m)al,m = (($1, yl)ala SRR (mma ym)am)=

(l'm—i-l ny Ym+1 n)am+1 n — ((wm-i-lv ym+1)am+l7 SO (wnv yn)an)7

Y1,m
Tzlm 'Ylm/
0

((z1,m, yl,m)m,mv Tm+1n) AV(Q1,m),

o\



Ky

Tgsile\fvf( ) ’Ym+1n/ /f T1,m,

(Tm+1,m5 Ym+1,m)am1ns Tnt1,N — yn+1,N) dv(am+1,n),

where
m

'Ylm:ﬂ- 2 H L((vi+1)/2)C (’71‘/2)7
=1

m
dv(o,m) = H sin” Y a; doy ... dagy,
i=1

Copn =72 T Tl + D/2T (30/2),

dv(Qm+1n) = H sin? ! q; damy - - - day,
i=m+1

Observe that incase 1 <m <n <N

The Main Results
For the B-Riesz potential

19f(z) = / TV~ N-bl f(y)7, dy, 0<a <N+,

N
Rﬂri‘

the following Sobolev theorem holds:
Theorem 1. Suppose that 0 < o < N + |v|.

(a) If1<p< N+|7| and f € LPW(RQIJF) then I7 f converges absolutely for almost all x € RﬁJr

(b) If1<p< N*‘V‘, 11— gom and f € Ly, (RY,) then I9f € Ly, (RY,) and

(el

with some constant C > 0 independent of f.
(c)If feLiy(RY,)and 1/g=1-

< C[fllp

Y

_a
NP then

1y

o e RY, s 12/() > 8} /7 < & F

with some constant C > 0 independent of f.
REMARK 1. Theorem 1 is proved by different methods in [8,9]; also see [10]. In the case n = 1
Theorem 1 is proved in [11], and in the case n = N, in [12]; also see [13].

REMARK 2. Examples demonstrate (see, for instance, [13, p. 323]) that if p > N%M then the B-Riesz
potential I f need not be defined for all f € pr(Rn +)

In this article we prove the following two main theorems analogous to the Sobolev—Il'in theorem for
the B-Riesz potential.



Theorem 2. Suppose that 0 < a < N+ |y|,1<p< NZM, andl1 <m<n<N.
(a) If f € Ly, (]RTJX+) then for every Tpm41,N € R,Jj__:ler and almost all z1,, € R}, the B-Riesz

potential 19 f(x) exists.

N+ N+ +|71,m
() If1<p< Dl fer, (RY,), and o = N0 mEbiml g

I f(s Zmt1,8) € Lo (RT 4)

N—
for every x,11,n € R, 0, and

||I’$f(’ $m+LN)HLqN1,m(RT,+) ~ CHfHLP*“f(RT]XvL) (1)

with some constant C > 0 independent of f and xp41,N-
(c)IffeLiy(RY,) anda =N + || — W then for every Ty, 11N € jorzrf_i_

C
[{z1m € RY ¢+ [I9f (@1m Tmirv)| > ﬁ}ﬁf,qm < gl @) (2)

with some constant C' > 0 independent of f and Tp4+1,N.-

Theorem 3. Suppose that 0 < a < N +|y], 1 <p < N0l and 1 <n<m<N.

[0

(a) If f € Ly 5 (Révﬂr) then for every z,, 1, ny € RV™™ and almost all 21 ,, € R}, the B-Riesz potential
IS f(z) exists.

(b) If1l <p< NEM, fe Lp,W(R%+) and N%M - %M = a then IS f(-,2m+1,n) € Lgy(RY,) for

every Tym41,N € RN=™ and

(3)

HI;Yf('v$m+1,N)HLqW(R;n’+) < CHfHLp,.Y(]RﬁJr)

with some constant C' > 0 independent of f and xp41,N-
(c) If f € Liy(RY,) and o = N + || — %M then for every Ty,1y € RN™™

C
{z1m € RYy « IS f(@1,m) Tmaan)| > ﬁ}ﬂy/q < B|‘f‘|L1,7(Ri\f+) (4)

with some constant C' > 0 independent of f and 11 N-
REMARK 3. For the anisotropic B-Riesz potential an analog of (3) forn = 1and 1 < m < N is
obtained in [14].

Auxiliary Lemmas
The proofs of Theorems 2 and 3 use the following two auxiliary lemmas, which we prove right here.
Lemma 1. Suppose that 1 < p < oo and 1 < m <n < N. Suppose further that x = (1,m, Tm+1,N)
with x1,m € RT | and Ty v € RN=™ and that 0 < a < N;M + m+|;1’m| (while 0 < a < N + || in the

n—m,+’

case p = 1). Then there exists a constant C depending on p, m,n,«,~y such that for all f € Lllog (]R,]y +)

and x € fo . we have

/ (N1 £ () o] dy

R+
_ N+|'y|+m+‘71,m‘
<y / Té’i’jﬂ" ’ml,m|a ( P P’ )Hf(yl,m, ) |’Lpa’vm+1,n(szv—_$+)y’1y’l7’nm dyl,ma (5)

m
RY 4



where

Cr=[(1+]z 2%

= N_m

! mt1n Lp’y“/m+1,n(Rn—m,+)
and p' = 1% in the case p > 1, and C1 = C,,, ., , in the case p = 1.

ProOF. Consider the case p = 1. We have

™ ™
x| N1 = ¢, / N / (@105 Y1.0) 00 Tt 1,8 = Ynr1,8)|* V()
0 0

Uy iy
<, / .. / |(w1,m7 yl,m)alym’afNJﬂ dV(al,m) = C’Ym+1,nTczv/11:::|$17m‘a7N7|’y‘,
0 0

The last inequality yields

/T%\“‘N‘V'!f(y)!ylndyéC%H,n /Ti’i‘ﬁ!wl,m\a_N”!f(y)!yi’,ndy

Ry + Ry +
, —N— ,
— 0y / N L T P AR LT

m
RY 4

Consequently, (5) holds for p =1 with Cy = C,,,, .-
Suppose now that p > 1. Then

/ TY|a|* NP f(y)ly] , dy = / F (@, y1,m)Y1 o dyj1,m,

N m
Ry + RY+

where
F(z,y1m) = / T[N =1l £ () 2750 dg g1

N-—-m
R”-””r‘r

The finiteness of the right-hand side of (5) implies that || f(y1,m, ')”Lp i RN—m
YTm+1,n n—m,+
all y1,m € R} . Applying the Hélder inequality for F'(z,y1,,), we obtain

) < oo for almost

F(@,yim) < |TVe|* N1,

m+1,n(Rg:$+) £ (y1,m -)Hme+m(Rg:$+).
In order to estimate ||T%|z|*N=1|| N-m , Observe that
Ly . (®RY-™)
Im+1,n n—m,+
—N—|v|
TV NP = T T Y (21 ml + [z )7

a—N—|v]|

s s
=Cyim /"'/Tgﬂi’ﬁ(\(ﬂfl,mayl,m)oq,m|2 +@men ) 2 dv(oam).
0 0

Using the generalized Minkowski inequality, the Holder inequality, and the properties of the generalized
shift operator, we arrive at

m m

®RN-™ ) < Cf‘/l,m / : ‘/J(xl,m;yl,maal,m)dy(al,m);

Y| p|—N=]7l
1T Iz, . Nom
0 0

m+1,n



where

2 2 afN*"ﬂp/ Ym+1,n 1/p
J(T1,ms Y1,ms Q1m) = (@1 Y1,m)arml” + Ymr,n ) 2 P ypiin @Ymti,n
R

—N—|v] /

a—N—|v| |[Ym+1,N| 2 2 Ytin g 1/p
= |($1,m7 yl,m)al,m| 1 + ’( | ym-‘,—l n ym—l—l N .

T1,m, yl,m)alym
RNf'm

n—m,+

Making the change of variables % = Zm+1,n and considering that
ymoYlm)ay o,

Ym+1,N = |($1,ma yl,m)al,m |Zm+1,Na

dym+1,N = ‘(l‘l,mu yl,m>a1 m |N7m dZerl N,

Ypr o At = (@ Yim)ag | I
we obtain O ‘
—m+|Ymi1,n
J(@1m, Y1,my X1m) = C1|(:U1,m,y1,m)a1,m\(a " ¢ ;
where .
2\ EN=Bl Hr
Cr = (1 + |zmy1,n[7) " 2 Zm+1,n dzm+1,N
S
. 1 2 ai
=+ el T, gy <00
Consequently,
Y| p|e—N—=|v
| TY|x| | S v ®N=m )
A N—m+] |
M+ |Ym+1,n
N— |y ————tn
< ClC’Yl,m/ /| T1,m, Y1 m)a1m|a u v’ dv (al,m)
0
v N—m+|vm41,nl
:C1T:i1:/112\:r1,m|a N=pl+ v
Since

N —m-+ N —m+
a—N— |y + p,hm“’"' —a- (N +y] - p,hm“’”')

<N+ ., m+ |71,m|)
— _|_ ; s
p p

it follows that

~N-— Netlyl | mHv,ml
TN, @iy S O oy~ )

p/’7m+1,n n—m,

Having these estimates, we arrive at

/ T2~ N-1l| £ () o] dy

RN

-H'vl m+mml
Y1, —( +
<o / T 21 ]
R,

Hf(yl m )HL (RTJ:CTZL )Z/Ylmm dyl,m-

PyYm+1,n

Consequently, (5) holds for p > 1 with some constant C; > 0.
The proof of Lemma 1 is complete.



Lemma 2. Suppose that 1 < p < co andl <n < m < N. Suppose further that x = (Z1,m, Tm+1,N)
with 1,m € R, and Tmy1,n € RV™™, and that 0 < a < |y|+ % + % (while 0 < oo < N + |y| in the case
p = 1). Then there exists a constant Cy depending on p, m,n,«,~ such that for every f € Lllo,cy (Rﬁ”
and all x € fo , we have

/ TY)al=N=1| £ () o] dy

Ry +
m -+
<Oy / T2 2] F (s )y @y —m) 97 Y, (6)
L

where

2 a—N—|y]|

Co = |1+ |zm1,n]7) " 2 ’hmeme)

and p' = p%l in the case p > 1 and Cy = 1 in the case p = 1.

ProOOF. Consider the case p = 1. We have

s s
Y|V = ¢ / / (@ Ls Y17 )ers Tt Lo — Yt oms T LN — Yt )] ()
0 0

s

T
<, / - / (@10 Y10)ers Tt — Ynprn)| dir(@) = TEM |y 2N,
0 0

The last inequality implies that

/TylfcaN'”'lf(y)lyY,ndyS /Tﬁf,’Z!wLmlaN'”'\f(y)\yﬁndy

R+ Ry
=/ /Tﬁf,’ﬁlﬂcl,mla_N_”If(y)lyY,ndyl,mdym+1,N
R RN=m
= / T2 121N f (y1m, Moy @y-myy] ndy1m-
R+

Consequently, (6) holds for p = 1 with the constant Cy = 1.
Suppose now that p > 1. Then

/Tyym|aN”|f(y)!yY,ndy= /F(w,yl,m)yY,ndyl,m,

N m
Rn,+ R"H’

where

F(@,y1m) = / V]|V 1) £ ()] dyn 1.1

RN-—m

The finiteness of the right-hand side of (6) implies that for almost all y1 ,, € R,

||f(y1,m, ')HLP(RN*W) < Q.



Using the Holder inequality for F'(z,y;.,) we arrive at
F(z,y1m) < T2l N @vem) | @1ms ), @n-m)-

In order to estimate || T|z|*~ N~ ||Lp/ (RN-m), observe that

T g N a—N—|v]

2
Ty’x‘a—N—\v\ :CV/.../[‘(x17m7y1’m)a’2+ Z |z _yi’2] dv(a).
0 0 i=m+1
Applying the generalized Minkowski inequality and
[ (@mmmlal? + oty = gmin s 5 dyr v
RN-m
2 2 i d W)
= / (|($1,may1,m)a| + |ym+1,N‘ ) P dym+1 N,
RN—-m
we obtain
™
|72 N M, @rvmy < C, / o / J(21,m, Y1.m» @) dv(a),
0
where Uy
J(@1,m, Yy1,m, @) = [ / (@1 y1m)al® + s v 2) 77 dyms N]
RN-m
2 a*N*\’Ylp/ 1/p
- |(x1,may1,m)a’aN|7||: / (1 + (W> ) dym-i—l,N] .
N ‘(gjl,m7yl,m)a|

Ym+1,N
ml,m:yl,m)a|

Making the change of variables I = Zm+1,~ and considering that

Ym+1,N = [(Z1,ms Y1,m)al2mi1, Ny AYmi1,N = !($1,m,y1,m)a\N_m dzm41,N,

we obtain o
J(ml,mvyl,m,a) = 02|(l‘1’m,y1,m)a| T .
where
a— N Iyl 1/p' ﬁjliﬂ
Cy = [ / (1+ |Zm+1,N| ) P dzm+1,N = ||(1+ |Zm+1,N| ) HL (BN < 00.
RN-m
Consequently,

_N-—
1% 12|l vy

/m _ Y1,m -
P dv(a) = CoTy ) |%1,m]

a—N—|y|+25
< CQC / /| T1m,Y1,m a| al
0

Since a — N — |y| + Np%m =a-—|y| - (; + %), it follows that

Z1,m

N, m
||Ty’51?\a7N7MHLP,(RN*m) < C,T™ m’x17m|afl'vlf(p+p/)_
These estimates yield
~N-— m +2
[ el N @ dy < € [ Tl S e a9

Rﬁ+ Rt
Consequently, (6) holds for p > 1 with some constant Cy > 0.

The proof of Lemma 2 is complete.



Proofs of Theorems 2 and 3

PrROOF OF THEOREM 2. Claim (a) of Theorem 2 follows directly from Lemma 1 and Theorem 1.
Let us prove claims (b) and (c) of Theorem 2.
Consider the case p = 1. Lemma 1 and Theorem 1 yield

{a1m € RY |19 f(21m, Tmia,w) | > B} i{qm
1/q

Y1,m /B
B Y dm > }

S ‘{Jfl,m € RT’+ : / Tglljx|$1,m|aiN7h‘Hf(yl,ma ) 61

‘|L1,'ym+1,n( "
,m

RY 4
Cl Y1,m Cl
= B / £ rm: ')HLl,wm+1,n(Rf:er+)ylvm Y1m = FHfHLl,w(RfXJr)'
RT 4

Turn now to the case 1 < p < ¢ < 0o. Using Lemma 1 and making the change of variables

h(yl,m) = ”f(yl,rm .)HLP,’Yerl,n(RN_m )’

n—m,+
we obtain
_N—
2r@l < [ 1wl dy
Ry
Yim a— (Nl | mHvLml im
<c [ ol e U A0
R+
_( N+ m‘H'Yl,ml
=C1 / ngc/lly’;n‘xl,m’a (ot )h(yl?m)y’ﬂl”;bn dy1,m-
RY+

. N +71m .
Since a — J;M - gl’ - —(m+ |’Yl,m|)(;% + %), it follows that

m —(m+y,m) G+ m
< (i /Tfll,’mb?l,m (mtrm ) q)h(yl,m)yll;n dy1,m

m
R+

157 Cama g, @)

LCL’YLm (RT,_;_)

Since
1

_ 1.1
/ ng;::‘xl,m’ (mﬂm’ml)(z”+q)h(y1,m)y¥f,;;” dyl,m

m
R+

- / T |1l o (Y)Y dyrm = 15, B(w1m),

m
RY +

where 8 = mtml _mAnml o g and N =n = m, applying Theorem 1 for N = n = m and considering

q
that % — == me we obtain

1
g m+|n,

_ 1,1
/ T |2y |~ DG D R gy )y dy

m
RY 4

« . =
HI’Y f( ,.’Bm+1,N) HLq,’u,m(RTﬁ-) ‘ Lgm,m (RY 1)

— |78 B
=150l gy S OBl @y, = ClfllL, @y )

with some constant C' > 0 independent of f and x,, 1 n.
The proof of Theorem 2 is complete.



PrOOF OF THEOREM 3. Claim (a) of Theorem 3 is immediate from Lemma 2 and Theorem 1. Let
us prove claims (b) and (c) of Theorem 3.

Consider the case p = 1. Lemma 2 and Theorem 1 yield

{1 m € R < (18 f (w1 m, mi1,x)| > B}

m _N- g
< Hmlm S :/ Ty | 1,m|® N M”f(yl,nu ')”Ll(RN*M)y’lyyn dy1,m > s

Rt

1/q

o

c C
=5 / £ Mza@—my¥dndynm = Gl @y )-
Rt

Consider now the case 1 < p < ¢ < co. Putting h(y1,m) = | f(Y1,m, )|, ®¥-m) and using Lemma 2,
we obtain

r@| < [ Tl NP ) dy

Ry,
_ _ ﬂ+m
<Gy [ T8 zrml ST £ rms ), @y )91 YL
Rt
(N m
= Cy / T8 2l D Ry )] .

R+
Since a — |y| = (N/p+m/p') = —(m+ |y])(1/p' + 1/q), it follows that

Hlﬁf(-y$m+1,N)HLM(Rgﬁ+) <G

1,1
A A

Rt

Y1m)Y1 5 AY1m

Lq,v(R?ﬁL)

Since

1,1
T%lllx |$17m|—(m+|’Y|)(p/ +q)h(

Y
yl,m)yl’n dyl,m
R+

= / T;cjllj:,’:|x1,m"87m7h|h(y1,m)y’1y,n dy1m = Igh(‘rl,m)a

m
R"H’

where 8 = (m + |7D(% - %) > 0 and N = m, applying Theorem 1 for N = m and considering that
% — % = %M, we obtain

m —(m+1y)(F+3
Hﬁ;f("$m+1,N)”Lm(Rg+)H / Ta?f,’m |21, (mt G q)h(yl,m)yindyl,m
R+

Lq,’Y(R;n,.Q_)

- HI?hHLM(RT,Q < CHhHLP,v(RmQ = CHfHLpW(Rg,Jr)

with some constant C' > 0 independent of f and x,, 11 n.
The proof of Theorem 3 is complete.
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