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Abstract. Using the generalized shift operator (GSO) generated by the
Gegenbauer differential operator we introduce the notion of a Lebesgue—
Gegenbauer (L-G)-point of a summable function f on the interval [1, 00) and
prove that almost all points of this interval are (L-G)-points of f. Further-
more, we give an exact (by order) estimation of the approximation of locally
summable functions by singular integrals generated by GSO (Gegenbauer
singular integrals).
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1. PRELIMINARIES

The generalized shift operator (GSO) generated by the Gegenbauer differen-
tial operator

d 1 d 1
Dy = 2_11—)\ el 2_1)\-"—*_ -
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which arises from the addition theorem for Gegenbauer functions (see [1]) is of
the form

Af (z) = Ag\f (z)
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We denote by Ly 5 [1,00), 0 < A < %, a class of functions with finite norm
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Definition. Let f € Ly, [1,00), 0 < A < % The point z € [1,00) is said to
be a Lebesgue—Gegenbauer point ((L-G)-point) of the function f, if

a1
lim (sinh g) / £ (z) = AN f (x)| sinh® tdt = 0.
0
Theorem 1. If f € Ly,[1,00), 0 < A < %, then almost all points of the

27
interval [1,00) are the (L-G)-points of f.

Proof. Let us estimate the integral

J(z,7) = / ‘f (z) — AD s (x)| sinh®* tdt
0

(sin ¢)* " dip | sinh? tdt.

§/ /‘f(x)—f(:Ecosht—\/xQ—lsinhtcosg0>
o Lo
Setting here = coshu € [1,00), we get

J (coshu,r) < / [/ |f (coshu) — f (coshu cosht — sinhu sinh ¢ cos ¢)|
0 L0

x (sinh )* dgp] sinh®* tdt.

Performing the change of variables z = cosh u cosh ¢ — sinh u sinh ¢ cos ¢, we
get

_1
dy = (sinh2 usinh?t — cosh? u cosh? t 4+ 2z cosh u cosht — 22) *dz

or
1
dp = (22 coshu cosht — sinh? t — cosh? u — 22) 2dz
and
1
(sing) ' = (22 coshu cosh ¢ — sinh®t — cosh® u — 22)A 2 (sinhusinh¢)' ™.

Then the above estimate of J(coshu,r) is rewritten as

cosh(u+t)

J (coshu,r) < /r{ / |f (coshu) — f(2)]

0 cosh(u—t)

x (2zcoshu - cosht — sinh®t — cosh” u — 22))‘_1 (sinh )~ dz} sinhtdt. (1)

It is easy to show that

22 coshu cosht — sinh?t — cosh? u — 22
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— (22— 1) sinhu |1 - (cosht—zcoshu)2 @)
N V22 — 1sinhu '

Having noticed that

sinh ¢ (=2 1)1/2 0 (cosht — zcoshu (3)
= AR —_—
sinh u Ot \ /22 —1sinhu

and taking into account (2) and (3) in (1), we get

r cosh(u-+t)
J (coshu,r) < / { / |f (coshu) — f(2)] (2% — 1)A_1
0 cosh(u—t)

A—1
cosht — zcoshu ) 2 0 (cosht — zcoshu
X [1— — dz pdt. (4
[ < V2?2 — 1sinhu ) ] ot ( Vvz%2 — 1sinhu ) } 4)
Since cosh (u —t) < z < cosh (u + t) , we have

cosh (u — 1) < z < coshu, coshu < z < cosh (u+7),
u —arccoshz <t <, arccoshz —u <t <r.

Therefore, after changing the integration order in (4), we get

coshu cosh(u+r) r
J (coshu,r) < / dz / dt+ / dz / dt
cosh(u—r) wu—arcchz coshu arc cosh z—u

= (Ji(coshu,r) + Jo(coshu,r)). (5)

Let us consider the integral

r A1
A / L <Cosht—zcosh u)2 2 (cosht—zcoshu) @t
B V2?2 — 1sinhu Ot \ v/22 — 1sinhu '

u—arcch z

cosht—z coshu

Having set here ¥ = T smnu We get

cosht—zcoshu

V22-1 sinh u
A= / (1—0*)""av. (6)
-1

By the evenness property of cosht

B / L <cosht—zcosh u)2 0 (cosht—zcoshu) o
V22 — 1sinhu Ot \ v/22 — 1sinhu

coth z—u

cosh r—z cosh u
Vz2—-1sinhu

— / (1—02)""a.

-1
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Since for 0 < r < w and cosh (u — 1) < z < coshu

coshr — zcoshu _ coshu — zcoshu _ (1 —z)coshu

< 0,
V2?2 —1sinhu — V22 =1 ~ V22 — 1sinhuw
we have
max (1-9)"'< max 1—)M' <1

_lgﬁgcosht—zcosh u 71§19<0

22—1sinhu
Then (6) implies

A< 1 (\/22—1sinhu—zcoshu—coshr)/\
—A V22 — 1sinhu

and from (7) we get

a2 (smhg)” L
= A (sinh (u —r)sinhu)*  A2*

Hence it follows that

A= G <sin€1u>2/\ (r=10), (®)

>2>\ - 0)

sinh u

where C)) is a constant dependent on A. In the sequel, C) will denote, generally
speaking, different constants dependent on \.
Taking into account (8) in (5), we get that for .J;

coshu
1

Ji(coshu,r) < C) ( - )2)\ / | f (coshu) — f (2)] (2* — 1)’\_5 dz.

sinh u

cosh(u—r)

Having put z = cosh v, we have

o f
7;1 ) / | f (coshu) — f (coshv)|sinh®* vdv.
u

u—r

Ji(coshu,r) < C) (

sin
Since

/ f ()] (2* — 1))‘7% dx = / | f (coshu)| sinh® udu < oo,
1 0

we have
f(z) (2% = 1))‘_% € L[1,00) < f (coshu)sinh® u € L[0,00).

Then almost all the points of the interval [0, 00) are the ordinary Lebesgue
points for the function ¢ (u) = f (coshu) sinh®* u and therefore

[letw -pwld=ot) -0,
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which is equivalent to
/ |f (coshu) sinh®* u — f (cosh v) sinh** v{ dv =o(r) (r—0).
Hence it follows that

/ | f (coshu) — f (coshv)|sinh®* vdv

< / |f (cosh u) sinh®u — f (coshv) sinh?* v‘ dv

+|f (coshu)| [sinh** u — sinh® (u —r) | r =0 (r) (r—0).
Formulas (9) and (10) imply that
Ji (coshu,r) = o (r***1)  (r — 0).

Let us consider the integral

Jo (coshu, 1)

coshr—zcoshu

cosh(u+r) Vz2—1sinhu

— / |/ (coshu) — f (2)] (22— 1)"2 dz / (1— )" do.

coshu —1

Since coshu < z < cosh (u + r) , we obtain for 0 < r < u

coshr — zcoshu < coshu —zcoshu (1 —z)coshu

Vz2 —1sinhu sinh? u sinh? u
Then
-1 -1
max (1—uw™'< max (1—uw)'<1,
—1<y<coshr—zcoshu —1<u<0

22 —1sinhu

and therefore from (12) we have

A
1 [ 2sinh?®Z 1 r 2X
p< 223 N_< ) 0).
A ( sinh? u > 22 \sinh u (r—0)

Taking into account (13) in (12) and having put z = cosh v, we get

cosh(u+r)
r

2 ( )SI 7 <
coshu

Proceeding as above, we get

cosh(u+r)
/ | f (cosh u) — f (coshv)|sinh®* vdv

coshu

255

(9)

(10)

(11)

(12)

(13)

)2)\ / | f (coshu) — f (coshw)|sinh®* vdv. (14)
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< o(r) +|f (coshu)| (sinh® (u +r) —sinh® u) r =o(r) (r —0). (15)
From (14) and (15) it follows that
Jy (coshu,r) = o (r**™)  r —0. (16)
Finally, taking into account (15) and (16) in (7), we get
J (coshu,r) = o (r?™) r—0,

which is equivalent to the assertion of the theorem since sinr ~r (r — 0). O

2. THE MAIN RESULTS

Ly ,\[1,00) is the class of functions summable with respect to the measure

du(u) = (u?— 1)A_% du in the Lebesgue sense on [1,00). We denote by
Lipex [1,00) a class of locally summable functions with respect to the mea-
sure dp(u) . A function K2 (x) determined on [1,00) and dependent on the
parameter ¢ is called a kernel, if K2 (z) € Ly [1,00) and the equality

[e.e]

/(u2 — DM 2 KM w)du =1 (17)

1

is fulfilled for any fixed e. If K2(u) is a kernel, then the expression

/ W2 — 1A () K () du (18)

is said to be a Gegenbauer singular integral.
Denote KZ(z) = sup |K2(y)|. Clearly, K7(x) monotonically decreases on
y2x

[1,00) with respect to z.
Let zg € [1,00) and f € Ly a[1,00). Put

0<r<d

1 / .
wy(z;0)y = sup (W/M?OSMJC(%)—f(%)}smh%ml“)-
2 0

It follows from Theorem 1 that (lsirré wy(xp;0)x = 0 for all z € [1, 00).

We denote by €2 the class of positive, monotonically increasing functions w(t)
n [1,00) such that Pr%w(t) =0

Ly wall,00) ={f € Ly[1,00) : ws(zo; ) = O(w(d)),0 > 0}, w € Q.

The norm in this class is defined as follows:

1l = |f (o) + sup 220D

o = 0 w(d)
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Theorem 2. Let zy € [1,00), f € Ly[1,00). Then the estimate
‘L;\f(xo) — f(zo)| < 42T /K;(cosh w)wy(zo; 4u)y sinh® udu (e > 0) (19)

18 valid.
Proof. From (17) and (18) we have

|L;\f($0) — f(zo)| < i": K (cosh 2%¢) (28 )22 L s (g5 28 e) 5. (20)

k=0
On the other hand,

e}

/ (coshu) wy (20; 4u), sinh® udu

0

> 4=l Z K? (cosh 2k5) wy (xo; 2k+15)/\ (2’“15)2/\+1 . (21)
k=0

From (20) and (21) we obtain (19). O

Corollary 1. Let w,w; € € and
/Kg(cosh w)w(4u) sinh® udu = O(wy(¢)) (e > 0).

Then for f € Ly wall,00) the estimate

|22 f (x0) = f(xo)| < C NSy, ., wile)

holds, where C' > 0 s a constant independent of f and ¢.

xowk

Indeed,

o0

/ *(coshu)wy(xo; 4u) sinh® udu

0

1(5).

T, W,

< HfHLszA/K* (coshu) w (4u) sinh® udu < C'| f||,

Let us consider the Gauss—Weierstrass kernel type function

1 e_(M)Q cosht

2e

W2 (cosht) = —_—
c ( ) ) € sinh?* ¢

r(

N[ =



258 V. S. GULIYEV AND E. J. IBRAHIMOV

We are to show that this function satisfies condition (17), i.e. it is a kernel.
Indeed, having put K2 (cosh t) = W2 (cosht), we get

oo
sinh

T ]_ nh )2
/WE)‘ (cosh t) sinh®* tdt = —1/6_( 3) coshtdt = 1.
F(3)e

Corollary 2. For the kernel W2 (cosht) there holes the inequality

[e.e]

o 65 [ wy (wo,t), sinh® tdt
/WEA (cosht) wy (zg, 4t), sinh® tdt < NG ! t2§+2 . (22)
0
Indeed,

/ W2 (cosht) wy (g, 4t) , sinh® tdt

0

5

wl»—t

o0
/ Slggt wy (x9;4sinh t), dsinht
0

o0

1 (1 1), dt
/wf(xo;t)/\dt+64e/m . (23)
0

< _—_ |z
T 4ym e t2
15
Furthermore,
1 ki :
! / N ACILI (24)
€ x
0 5

Taking into account (23) in (22), we get

‘ 65 Oow (wo5t), smhz)‘tdt
/ W2 (cosht) wy (wo; 4t), sinh™ tdt < 4\/%5/ —am

Note that an inequality of type (22) was proved for Poisson kernel in [3] in
the periodic case, and in [2] in the non-periodic case.
If in integral (18) we put K2(coshu) = Zlp(cosh¥), then we get
KZ(cosh u) = L¢* (cosh ) , where ¢*(coshz) = sup |¢(cosh u)].
u>xT
Theorem 3. Let f € Ly[1,00), x¢ € [1,00),
1 [e.9]
Kcoshu) = ~¢ (cosh ﬁ) : /Lp* (cosh u) sinh®* udu < oo
€ £
0
and

/gp cosh w)w s (xo; 4u)» sinh* udu < oco.
0
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Then
y_{% Lé\f(l"o) = f(20).

Proof. Let 0 < e <1 K2(coshu) = Lp(cosh). Then we have

o0

3
/ *(coshu)wy(xo; 4u) sinh®* udu < wy(zo; 4v/%) ,\/go (cosh t) sinh®* tdt
0

0
00

+/90*(cosht)wf($o;4t),\ sinh®* tdt. (25)

1

NG
The assertion of the theorem follows from (19) and (25). O
Note that the operator A} is bounded in the class of functions bounded on
[LOO) ) 1.€ (ZEM §supx21|f(x)|.
Put wi(f,t) = sup | A} f(z) — f(z)],
r>1

Ay (A7)
Hence we get

kE=1,2,..., w(f,t) = w(ft), AF =

wa(f,t) < 2sup [A} f(x) - f(2)] = 2w(f,1). (26)

x>1

Theorem 4. Let zy € [1,00), the kernel KX (t) non-negatively and monoton-
ically decrease on [1,00) with respect to t.
Then there ezists a function fo € Ly, wa[l,00) such that

wpy (w0 0)x < w(d) (0 — 0)*

and
| L2 fo(xo) — f(wo)| > (2A + 1)/K;‘(Cosh t)wy, (z0; 4t) 5 sinh* tdt.

Proof. Let us consider the function

fo(t) = { A} f (o) — flzo) = w(t), ¢ >0,

0, t=0.
Then i
1
wy, (z; )\ = sup — 1 /w(t) sinh® tdt |. (27)
0<r<é (sinh %)
0
Now, let us estimate the integral
T 9A+3/2 22+1
J(r) = / sinh? tdt > — (sinh f) (28)
(2A +1) (1 4 cosh 1)z~ 2

0

IThe symbol ¢(d) = 1(8) (6§ — 0) means that there exist constans c;, ¢, and dg such that
c19(0) < () < ca¢(0) for 0 < § < Jo.
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On the other hand,

r
22+1

9 22+1
/ sinh? tdt < (sinh g) . (29)
0

Since w (f,t) monotonically increases, (29) implies that

22>\+1 22>\+1

VS ongy S w i) = g

w(/f,9). (30)

Wio (wO; 5)

From (27) we have

1 w(f,r / / 22
wi (Tg;0)y, > = su sinh*” tdt.
fo (03 0), 20<7«I<)5 smh 2>\+1( )
0 0

Taking into account here (28) and (29), we get

22,\ 1 22—1
wy, (205 6)y > 1 (1— (cosh§> )w(f,é). (31)

From (29) and (31) we have

521 1\ 21 92\+1
T 1—(cosh§) w(f,§)§wf0(l’o;5),\§2)\ w(f,0).
Then

AN+ 1) [ .
‘L;\fo(xo) — flwo)| > <22/\—+1)/K;\(cosht)wf0(wo;4t),\ sinh®* tdt. O

This theorem shows that estimate (19) in Theorem 2 is final with respect to
order.
Assume

[e.9]

- /f(m)P(;\(x)(ﬁ —1)"2dz, g(x) = /g(a)P&\(QS)(az —1)* 2da.

1

Theorem 5. For any f,g € Ly ,\[1,00) the equality

[ S~ taa = [ g -1

18 true.
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Proof. Applying Fubini’s theorem, we get

Let @ € L;[1,00). Consider the ®-means of the Gegenbauer integrals (18)

1

Stz )= [ H@)Qi@a)(a® - ) Hda

Theorem 6. Let f,® and p = ® belong to Ly ,[1,00),

o

/gp(t)(t2 — 1) Edt =1, x € [1,00).

1

Then

1Sy (wo, 85 f) — f(wo)| < 42 /(p*(cosht)wf(:co;48t) sinh® tdt (¢ > 0)
0

Proof. Denoting du(t) = (1> — 1)*~'/2dt and using Theorem 4 we get

[e.e]

S, (0,23 f) = / A2 (@) pu(@)dpu(z) = / F(2) Adgu(x)dp(a),

—

whence, allowing for the equality

o0 [e.9]

/gps(t)(tz - 1)’\_%dt = /gog(cosh t)sinh® tdt = 1,

1 0

we get

So(xo,e; f) — / [Adon i f (20) — f(20)] ¢-(cosht) sinh™ tdt.
0
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Hence, as in the proof of Theorem 2, we get

1Sy (w0, €, f) — flxo)| < 421 / @*(cosh w)wy(xo; 4u)y sinh** udu.
0
Taking into account that here
1 1 2M
- s (Cosh ﬁ) sinh ﬁ

cosht
Pl sinh? ¢

)

we get

o0

1S, (z0, &5 F) — fw0)| < 42 /wf(:vo,élet),\gp*(cosht) sinh®* ¢dt. O
0

Remark. Note that the results obtained in Theorem 6 are the analogues of
the corresponding results from [2] and in the proof we have used the techniques
of the authors of this work.
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